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Introduction, 

The object of the following paper is to examine how far the hypothesis of a thin 
layer of transition between two transparent media will explain in detail the phenomena 
connected with the elliptic polarization produced by reflection at the boundary of two 
such media. 

This problem has been approached by the following writers : — L. Lorenz, 
'PoGGENDORFF Annalen/ 114, p. 460; Van Ryn van Alkemaade, 'Wiedemann 
Annalen/ 20, p. 23 ; and R Drude, 'Wiedemann Annalen,' 34 and 36. 

LoRENZ starts on the basis of the elastic solid theory, assuming that Fresnel's 
formulae hold for a very small change of refractive index, and deduces expressions 
holding for a finite change of refrangibility, which are slight modifications of Fresnel's 
formulae, and clearly unbound, since a rigid elastic solid theory must lead to Green's 
formulae, and not to Fresnel'b, as a first approximation. Fresnel's formulae ought 
not without examination to be assumed to hold even for a very small change of 
refractive index, for the rate of change of refrangibility in crossing the boundary 
must be very rapid in order to produce a finite change, in a distance of the order of a 
wave-length. 

Van Ryn van Alkemaade treats only of the electromagnetic theory of light — 
by successive approximation. His expressions for the change of phase are the same 
as in the following paper, namely (with notation changed from his), 

tan {pL) = 2 S/iQ cos %^ — _Ap___^_^„_A 1 ^j^^ ^.^^.^ (p| |) = 2 S/xq cos % 



9 .. 9 > 



but for the amplitudes he gets 
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which are mcomplete, takmg no account of other terms of the same order involving 
B — C (see p. 849^ seq.). 

P. Drude treats the subject from the standpoint of Voigt's elastic solid theory, 
and obtains analogous formulaD. He uses Kiechhoff's boundary conditions, and since 
these are at best hypothetical, his method is not perfectly satisfactory. 

In the following paper the employment of more or less hypothetical boundary 
conditions is avoided by supposing the medium continuous, the transition taking place 
in a variable layer of small but finite thickness, and solutions of the equations of 
vibration are obtained in ascending powers of the thickness, which expressions are at 

least as convergent as the geometric progression whose ratio is (~--~/x] , where d is 

the thickness of the variable layer, [jl is the greatest value of the refractive index 
occurring m it, and \ is the wave-length of light. Expressions are then found for 
the intensities and phases of the reflected and refracted light, taking into account 
terms of order (P. 

The consequences are examined both of a rigid elastic solid theory, which includes 
the theories of Voigt and K. Pearson, and of the electromagnetic theory and 
Lord Kelvin's contractile ether theory, which lead to the same result. 

The elastic solid theory gives modifications of Green's expressions, even w^hen the 
refractive index of the pressural wave differs from that of light, and cannot be made 
to agree with experiment. 

The electromagnetic and contractile ether theories lead to Cauohy's type of 
expression, the ellipticity being variable, and these agree very well with experiment. 

§ 1. General Equations of Vibration. 

It will be well briefly to recapitulate the systems of equations which have been 
proposed to represent the periodic disturbances to which light is due. 

Electromagnetic Theory,~Ijet £e""'^^, Tje""'^^, ^e'^'^'^ Xe"'-^^, /xe"*'-^^, j^e""'^^ represent the 
components of electric and magnetic force for a periodic disturbance at the point (xyz) 
of the medium, where its specific inductive capacity is K — the real parts of the 
complex expressions being taken in the usual way. Also let the velocity of propaga- 
tion of electromagnetic disturbance m vacuo be 1/A, Then the equations of vibration 
are 

Aup . X == ^ — TT ? Atp . Kf rzr ^ — -- (and two similar pairs), 

whence 

i (I - I) + I (I - I) + ^'"^y^f = » (""'' '"" o*-') ■ • (I-)- 

These are given by Hertz (" Ueber die Grundgleichungen der Elektrodynamik,'' 
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' WiED. Ann./ 40)^ as according with experiment for heterogeneous media in the 
absence of free electricity. 

But following Lord Rayleigh ('' Electromagnetic Theory of Light," ^Phil. Mag./ 
1881), I have put the magnetic permeability = 1 in Hertz's equations, so as to 
make them give results agreeing with experiments on reflection of light and on the 
scattering of light by small particles. There are also electrical experiments to justify 
this course, due to Hertz, and showing that the phenomena of, at any rate, quick 
vibrations, are independent of the magnetic permeability of the medium. 

Mastic Solid Theory. — Let ue^'^^ ve""'^^, we"'^^ represent components of displace- 
ment at the point (xyz) of the medium, where the effective density is p, the rigidity 
is n, and the bulk-modulus is k Following Lord Rayleigh ('' On the Scattering of 
Light by Small Particles," 'Phil. Mag./ 1871), we shall suppose n the same in all 
bodies, and therefore constant throughout the variable medium considered. Then 
the equations of vibration in Lam:6's form are 



a 



(/^ + 3 «) g^ + 3^ + -3^ + n .- V- - 9;;: + n 



no 



dy dzj I dy \dy dx ) dz \dz dx 

+ pphi — (and two others) . {II.). 

These equations include the results of the more general theories of Voigt and of 

• Jr EAIvSOISr. 

Voigt (^'Theorie des Lichtes flir durchsichtige Medien," ' Wied. Ann.,' 19, p. 873) 
neglects the first pressural term, and replaces n, pp^ respectively by e + a — a^p^ and 
(m + r) p^ -. 71, that is, makes the effective density and rigidity depend on the period. 

K. Pearson (*vGeneralized Equations of Elasticity," ^Proc. Lend. Math. Soc.^ 
vol. 20, p. 291) replaces k+^n, n, and pp^ by X + 2/x + (X' + 2/x')p^ t^ + {t^' + iy)p\ 
and by (p — k) p^. 

Thus, in the general case, h, n, p are functions of the period. 

There are two principal forms of elastic solid theory— 

First.— -Q-r-ee^'b Theory—which attempts to get rid of the longitudinal (pressural) 
waves by a kind of total reflection at all but very small angles of incidence, whilst at 
nearly normal incidence their effect is inappreciable owing to the smallness of the 
normal component. 

The bulk-modulus k is made very large, the expansion ^ + ^ + -^ is very small, 

ulI/ oy Gtv 

the pressure is finite— it is not necessary that k be greater than lOOn to make the 
effect of the longitudinal wave inappreciable. (Glazebrook, ' B.A. Eeport on Optics,' 
1885, p. 192.) 

Secondly.— Lord Kelvin's Contractile Ether Theory~k + ^n is made zero, "so that 
the longitudinal wave is not propagated from any place where it may arise. Putting 
zero for k + ^n in equations (IL), they become of exactly the same form as 

MDCCOXCIV,— A. 5 N 
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equations (I.) for the electromagnetic theory. These two theories will, therefore, be 
considered together. 

We shall suppose the medium in which the disturbances take place to be perfectly 
continuous, though its qualities may vary from place to place. It follows that 
^5 Tj, ^, u, V, w must be continuous functions of (xyz), as well as their first differential 
coefficients, and this condition must replace boundary conditions at places where the 
nature of the medium changes, however rapidly it may do so, 

§ 2. Waves in a Variable Layer between tivo Media. 

For our purpose it is only necessary to consider the very special case when the 
heterogeneous medium is arranged in plane layers, perpendicular to Ox suppose, and 
we shall further suppose the variable portion to be a thin layer separating two media 
of different but constant quality, into each of which the layer passes continuously. 

We shall suppose plane waves incident in the first medium, which will give rise to 
plane reflected and refracted waves. Take Oz perpendicular to the plane of incidence ; 
then Oy will be parallel to the intersections of the plane of incidence with the plane 
layers, and since the traces of all the waves on the plane layers must move along these 
layers at the same rate, the coefficient of y must be the same in the expressions for 
the different waves. 

Let now X be the wave-length in vacuo of the light e""'^^ /x its refractive index from 
vacuum into the variable layer, /Xq, jllj the values for the two media on either side. 

/TiK) '4-'7r' . t 

Then we have ~-~ (or A^Kp^) = "zvl^^' If i be the angle the wave-normal makes with 
Ox, the coefficient of y in the expression of the wave will be — ft sin i, which, 
being everywhere the same, we shall write — J^* 

fc I —'77 . 

Also write — ^—^~- = m^, so that the velocity of the pressural wave is m tmies that 

of the transverse wave. 

By what has been said above, />t, m are functions of x only. 

And the displacements, &c., are independent of z, and proportional to €^\T^""^7, 

First medium. 

This is of constant quality (/x^, m^ and extends from 0?=— oo toir = 0; the 
equations (II.) become 






^ 



m 







Vibrations parallel to plane 
of incidence. 



^ 
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^ 3 + x~^ + ZT • i^o^» ^^ == Vibrations perpendicular to plane of incidence. 

These are satisfied by 



27rfio cos ip , . 2TrfjLQCOSio ^ '^BM9 \ ( ?IL \ 



COS %. e' A ^ -f r cos ^q . e""' ^ a /^ 4. ir sm ^q. e'-lT"^" . e' V-r^^-^^V 



27r/ijto COS io 



w = { e A 



1 27rjw.oCOSio \ /27ri' \ 

^' 4. re''' — A — ^ j . e' \ir'^-^'^) • 



Here the first term represents an incident wave, the second the reflected, and the 
third a pressural wave, which last travels along the boundary x = 0, and rapidly 
diminishes away from that boundary. 

Iq is the angle of incidence ; a^ is a constant which is found to be + a/ ( sin^ % — 7- 

r, T are complex constants Ee'^, R'e'^' ; R, R' are the amplitudes, />, p the retarda- 
tions of phase, of the reflected and pressural waves* 

mi • . • 1 . o /3'M' , 3f \ 2'Kllr. , 27rMo«o , /27n^ A . 

ine pressure is proportional to m^^ ( — + r~- 1 = - — -^ . r , e a ^-^'K x y- '^'^/ ' 

thus r vanishes for the electromagnetic theory and for Lord Kelvin's theory, for 
which m^ vanishes. 

Second Medium, 

This is of constant quality (fii, rrii) and extends from x =^ d to x =: 00 ; the 
equations (II.) are 






d_ /du dv\ 9 /dio dv\ 47r 
'^ 9^/ \9^ dy) d^G \dy dx) X^ 



I Vibrations parallel to plane of 
^ incidence. 



<s:. (s: + ^J - ^": U:: - ^ + TT • /^i' • ^ = 



9%^ 9^'l^ 4c.7r^ 

3~i + 9^ + "TF . /^i^ . te; = Vibrations perpendicular to plane of incidence. 



They are satisfied by 



• . 



27r/«,i cos i 



t^ = -— ( 5 sm ^^ . e' a 



1 / t^ , 27rix^ax , \ /2irv \ 

/ , 2iriJ,i COS ^1 27riJi,iai \ /27rt' \ 

-y = ( 5cos^p€' A (^^-c^)-]-. (,/sinix.€'"""~A~<^-^>|.c^^"r2'-i^^/ 

5 N 2 
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The first term represents the refracted wave, the second the pressural wave, which 
only exists close to the boundary o^ = dl, 

i^ is the angle of refraction, which obeys Snell^s law, ftj sin i-^=z v = /jl^ sin i^. 

a-^ is a constant found to be + a/ [sin^ i^ — — ^ 

s, s are complex constants Se'"^, S'e'"^' ; S, S' are the amplitudes^ cr, or' the retardations 
of phase, of the refracted and pressural waves. 
The pressure is proportional to 



m- 



2 



a" 



'X 









2lTfJbi 






The signs of R, S are chosen so that at normal incidence v shall be + for each 
wave, as shown in the figure, when the signs of Rj S are +. 




Variable Layer. 

It extends from ^ = to x := d and is continuous with the media bounding it. 
The displacements and their first differential coefiicients with respect to x must have 
the same values at the boundaries in the variable layer and in the media beyond, 
giving in all twelve boundary conditions, six of which determine the motion in the 
variable layer, and the remaining six determine the constants r, r , s, s' for vibrations 
parallel and perpendicular to the plane of incidence. 

We may write the displacements in the form u.e'^"^ ^ ^ write also 



,3 



'3 



U 



m^ t is — h 



dv 
dy 






then U..J1 are functions of x alone, and H is proportional to the pressure, which 
vanishes for those theories which make m zero. 
The equations (II.) become 



27r cOT ^ 
\ clx 






"^ 



\ dx 



X2 



2iTv d'lt , dH . 47r'^ 



,3 



X 



dx +^^ + T^ ''"■'•'' 



y 



m 



3 



'dio 
dx 



2'7rv 



2tt 



j^ ^ „__ ^ I ^ -— , II ^ 



X 



Vibrations parallel to plane 
of incidence. 
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-j-^ + —^ • {ii^ -- v^) .w -=. Vibrations perpendicular to plane of incidence. 

We shall choose it, v, U^ w^ so that, when X'=: 0^ u = Uq, v= v^^, U = TIq, 
w = iOq, and when x= d, v = v^, %v = w^, where 

u^ =. — sin ^Q (1 — r) + ^^^\ % == ^^® ^ (1 + ^) "+" ^ '^i^ ^ • '^''? Uq = ^h^i*\ tc^^ — 1 + r, 

t^i = cos % . 5 + ^ sin ij . /, ^^ = ^, 

The six conditions determining r, / . . . will be 
Whenaj=0, ~ = t -^ (cosHq. (1 — r) + ^q sm %. r }, ^^ = i -'^ - (1 — r). 

When x = d : t^ = — (sin «^j^ . 5 + ^i^% Hi = ju.i/, — = t -t-^ . {cos^ ii^s—otj^ sin ^l./}, 

cli^ 27r/>ti cos i^ 

«. :::::: (^ — ^-^ — ^ i ^ ^^ 



I 3. Determination of the Displacements for the Variable Layer. 

It is in general impossible to solve the equations in finite terms ; in the physical 
problem the transition layer may be considered thin even in comparison with the 
wave-length, and the equations can be solved in very convergent series, proceeding in 
ascending powers of some small quantity depending on the thickness of the variable 
layer. This quantity we shall take to be 8 = 27rd/X, Putting also ^ for x/d^ the 
value of I will lie between and 1 ; and the equations become 



m^ TT + cSmV . 1) + 8n = 



> 



Vibrations parallel to plane of 

mcidence (111.), 



-^ 4" S^ . {iJ? -— p^)w = Vibrations perpendicular to plane of incidence (IV.), 

and when |^ = 0, te = %, t> = %, IT = Ho, w=^ Wq; and when |^ = 1, i; = v^, to = Wi. 

It will be necessary to treat separately the cases of the electromagnetic and 
contractile ether theories on the one hand, for which m, n are zero, and of the 
elastic solid theory on the other hand, for which m is very large arid II is finite. In 
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this latter case we shall neglect 1/m^ in the small terms, which are themselves only 
corrections due to the finite, though small, thickness of the transition layer. 



Vibrations perpendicular to the plane of incidence (all theories). 

The equation to be solved is (IV.), p. 829, viz. :—d^wjd^'^ + S^, {jj? -- v^)w^=: 0, 
with the conditions that when ^ =i 0, w = iVq, when £= 1, to = iVi, 

Put w = w'^ + Shv^ + . . . > where d^w^d^^ = 0, dhvyd^^^ + (/x^ — v^)w^ = 0,... 



and when ^ z=:0^ w^ = Wn. w 



^OJ 



• • • 



0, when ^ z=zl^ w^ =• Wi, w^ 



o • a ~~"" \J * 



These give 



Jo •'0 

whence 

dw^/d^= —iOq + Wi, dw^/d^=^--\ {[Jb^'—v^)iv^.d7]+\ {iJi?--v^).w^ .{l—rj)dr], ... 

J A Jo 



Let a bar - written over a quantity denote its greatest numerical value between 
^ = and |^= 1, e,g.y //, the maximum refractive index. 
'2x;(«) is given by dw^^^yd^ = 0, or by 

Jo 

Hence w^''^ := [fj? — v^) lo^^'^^K r] dr) where £ lies between and 1, and therefore 

Jo 

w^'"^ < \iD^'''^'^\ {ji^ — T^). Now v^ = jlcq^ sin^ e'o < i^^< i^\ and therefore {[x^ — v^)</x^, 



^« 



and^(;(^^)<|/>t^.^^(^^~l). j^ follows that t(; < ^(;0. {1 +|8^/>t^ +iS^.i^^ + • • •}<:, 1 



VI 



2 rZ 

=- or T-< 



which is finite as long as S < .^ ^ ^. ^ - ^ ro 

^ V ^3 X 4-53. yu. 

above the second, so that we may write iv = w^ -^ 8^ . w^. 

Then dw^/d^ zzzw-j^ — Wq. 



. We shall neglect powers of S 










(jLc^ — v^)w^.{l — >/)(i')7 



JO Jo 

LJo 



'fZ7,(;i\ 



^^1 /l=: 






+ IVi 






"6 



t(^?. i 



V 



z 



6 



1 ^s 

p^.rf.dri — • ^ 
^ 
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(A7r\» 



l-h\ 






+ %. 



1 



1 






s 



r- . 






-Wo- 


1 + 8^- 


Jo 


+ «'l • 


1 - S^. - 


' -1 

-•^0 



1,.3 



/^^7^{1 --'y))d7] — ^ 



n "I 



/ 



(Y) 



Vibrations parallel to plane of incidence {Electromagnetic and Contractile Ether 
Theories). 

The equations to be solved are (III), p. 829, with m, H zero, viz., 

LP -7Z — O {jJL^ '-- V^) U =: 0, :^ — ^ OF — + 8^./Dt% = 0, 



whence eliminating ii 



d^ 



^1 



d ( fjb^ dv 



d^ \fjb^ — p^ d^^ 



+ sv^ = 0, 



with the conditions that when ^ = 0, ^ = %, and when ^ =z l^ v = Vi. 
Put t; = # + S%' + • • * where 



d 






6f 



/A 



3 



cM^ 



d^ \fi^ — • p^ d^^ 



d^ \fjL^ — v^ d^ 



IXt £/>••• 



and when ^ =: 0^ v^ =• Vn, v =:..=■ 0, when |^ = 1, # = t;., t;' = . • = 0. 



nii'i •••■■ ■■■■■» m 

Write 



fS lii — . I/* 
/^'^ 



'^fl' 



<^ 



/"-' 



so that TT (1^) increases as long as p^ < [jl^ and maximum of tt < 1, We have at once 



v^ =-n 



TT (1) - TT (f ) 



■iwywit ^7-m 



^(f) 



t? 



7r(l) » "^ttCI) 

/i^. {it (I^) — w (t))} • # C?'^ + 





7r(l) 



whence 



fi^ dv^ _ % — ^Q 



fM^ 



dv' 



p?^v^ d^ 7r(l) fi^-p^ d^ 







(JL^.V^.t 



fi^ {'W (1) — ir {'^)} Vq die), . . , 



Jo 7^(1) 



with the same notation as before 

Jo 
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hence 



t; W < u^ . t;(^"-^), and v < v\ [I + S^ + ^Y +»».}< ,— 4 

1 — o 



which is finite as long as 



c. 1 d 1 

S < — or "T" < TT 



/^ 



X 6-28 



/^ 



As before we neglect 8* and higher powers, and find 



V 



^dv^\ 



COS^ Iq 



d^/^:=o ttCI) 



(^1 - ^o). 



\ 



cos^ i^ 



/cm 



(^^1 - ^^)» 



since v =: jjl sin ^, and thus ^ — — cos^^« 



/^ 



3 






cos^i^ ^^ 



7r(l) f/'^-(^(l)-'^(^)}^'^^^ 

^0 f /^^- (^ (1) - ^ ivW' dv + "^h \ /^^- {^ (1) - '^{v)} ^ (>?) c^^ 

Jo Jo 



- {,r'(l)} 






COS 'Z' r 



COS^'Z! 



W(1)Pl"Jo 



Vo f (i?. {7r{l) - -"-(t?)} 77(7;) c^t; + W; f ^2. ^^ (^)p. (^^ 

Jo Jo 



Hence 



dv 



COS^ '2^0 



TT 



(1) 



■Vq. 



g3 rl 
TT (^1; J( 



+ — :Tr V^ . 



7r(l) 1 





g3 rl 



^ 



dv 



cos^ i 







7r(l) 



Vq. 



6-* ri 

/U,^ (tT (1) — 77 (7;)} TT (17) (i?; 

Jo 



1 + 



, cos^ L 



TT 



(1) 



7r(l).o 

g2 rl 
J 



TT 



(1) 



-/ 



w * e 



(VI.) 



Vibrations 'parallel to the plane of incidence {Elastic Solid Theory), 

The equations to be solved are (HI.), p. 829, adding the third multiplied by ihv 
to the second for a new second, — 



dli dv 5, , 2 



— 1^) u 



--0, 

du 






+ iSv . V + 8 



n 



1 r 11 + S^ (/A^ - v^) V = 0, 



m 



2 
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with the conditions that when ^=0, u = Uq, v := Vq, 11= Ily, and when ^=: 1, 

Putw=«o + Su' + SV + . . , v=vq + 8v' + SV' + . . , n = rio + Sn' + S^n" + . , , 

where 



-^- + ^w' + ,^ - 0, 

-rrr -\- ivv + -~ = 0, 



d?v' 
S?v" 



fZf 



IV [\ 



1 \ 



m?- 



no + (^a _ J.3) ^0 ^ 0^ 






0, 






(/A- — v^) tt' = 0, 



ilYi!' , ffe" 

d^ ^ '"^ d^ 



and when ^ = 0, u^ z=z u^^ v^ ~ v^, U^ = Hq, u ::^:=: v' = U' = , , = 0, when ^ = 1, 

^)0 = V^^ 'u' = ..==: 0. 

We have at once 



it 



It 



— 



Uq, V^ =:zVq{1 — ^) + V^^, W = Ho - LP . {V^ - ^o) ^. 



•I no 



LV 



[ v^.drj- l^^dr)= -ivv,i{l 

Jo Jo ^^^ 



io 



|tl^ . Vj$^ 



LP 



r^ ^ 



J n /JO 



'^ d7] 



1 2 • 



^' = 0. 



n' = 1^ Ca^ - i.^) t^o drj :=:z Uq . 1 1' iJ? dri - K^f 1. 



u 



n 



IV 



V drj — 



n' dv 



^^^' 



3 



^m^ 



. d'r). 



V 



n 



IV 



1^ 



i/'f. Ml 



Jo 

1 



7?^' 



no . (1 ™ ^) drj + cf (//^ -- V^) V^ . (1 --- 7?) C^T?. 



n'' = ■— Lvv' + (fi'^ — i^^) t^' dv 

Jo 



In the same way as before denoting maximum value of v by v , , . \Ye have. 
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'd'^' 



) < x;i;(^^-i) + {Ili^--'^)/m^), llW < vv^^'^ + {ii^ -- z^^) . u^^'-^^ 



and since v < t'^ + 8'^' + • • • 

^^ < t/o + i^ St^ + S . (Vm^) .11, V <i? + Iv S^fi + i- (/I^"^""^"^) . 8^ ^, 

n < z^i; + 8 , (// — p^) » 1^5 
or if < e < 1, < e' < 1, 



t^.{l ^ BK ifj.^ - p^)} -vB.v.{l + {l/m^)} 



1^8^ ^{/x^ - p') + ^. {1 - ii^^ 8^} = eV. 



eu 



05 



whence 



»- _ 6U, . (1 - -iSV) + e'. v^. vB/{l + (1/m^)} 



{1 ~ SI (^3 _ ^2)} |1 _ ^S3. ^3| _ ^^3, gt. (1 + (l/,^3)} (^3 „ ^3^ 



and this is finite, and so also are 'y, 11, as long as the denominator does not vanish. 
Writing this denominator in the form (1 — ^-aS^) (1 — |-/S8^), we have 



a 



+ ^ = 2 (ft^ — z^^) + /x^ a/3 :=:^ I (/;.^ — p^) {fi^ •^ p^ ^ p^/m^}. 



Now m is large, at least 10, and /x^ •— p^ is at least /xq^cos^^, hence ^ is + or 
very small negative, in which latter case /x^ — p^ is small ; thus, a, the larger of the 

two, < 3/x^. H^ence t6, 'y, n are finite as long as 8 < ^ -^-^ or - < ^ ™- • 

We shall, as before, neglect 8*, . . «, but it will be necessary to go to order 8^ 

// 1 

in ^ in order that the result shoidd be correct to 8^ ; we shall also neglect -^ when 

multiplied by 8^ since m^ is about 100 (^B. A. ^ep./ 1885, p, 192). 
We have 



i^O = Uq 



(^,'),.,=.->K+^0 + t.K"^o)f 



^?l^ 



^cl 



V 



Qm^ 



'1 TT^ ,^ . .. . „ _ 



(t/')^^j = — — ^ c^Tj = 0, ti'' being multiplied by 8' 
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ri 1 

L •'o J 



X^3 



1 



nep;lectinp; the terms in u involvinsf — r 



fclv'^\ 



Uui- 


= 


/dv'\ 


= 


fdv"\ ■ 




\d^Ji = 


= 






'dv'^X 
v., I -— 1 



«^^A=i 



= n - t'o 



= 0, 






« 



^ = 1 







jjL^r)^ drj 



- w. s{\ - ~) nO.(l - t;) c^t; + f^ (/.^ - ^^) t)0.(l 



7^) cZtJ 



^^' ^ 1 -.:::¥) (^0 







771 



tz/(t;i - t;o)^](l —y])di) 



1 



+ (/x.^ — i^^) {^^0 (1 — '^) + '^i'^} (1 — '^) cZt? 

JO 



VZ'y 



//^ 



i 



v^A 



L-'O 



/^^ (1 — rif , dy] — \v^ '— V 



.3 



2 



'1 77 (1 — 77) CZ77 



i.-'o J 



^^^^ J 

'^ ?7 (1 — 77) C'!?; 





nv 



i^'IIq. 



1 

2 



'1 (1 — 77) dri 







?r6^ 



^^A 



tZ^ 



.f^(l - ^^)^'.vdv -\y- v')v'.vdyj 



'1 / 1 \ n 



\ 



771" 







v^^ {v^{\ — 07) + I'j^T^} T^C??; 



^0- 



V- 





"1 





IL^.l) (1 — 7j) cZt; + ^V^ — l^ 



2 



'l.n3 



'^7^ CZ77 







771^ 



p?.yf dy] •--• ^v^ '\- V 



^';'T?^ + -".•^ 



i 

2 



77 (^77 







771^ 






tl^ 



\ '''' / Jq 



= — t^'^/^, 







f^||V2t^|^-I.^>yj(l-.?)c?7? 



tl^l^A. i 



2 "'^"^'^0 







^^. (1 — 77)^ dy] — ^v^>^ neglecting 



1 



m 



3 



Ulv 



f/r 



^f/f= 



tZ^Ww 



r n 



'1 r p -| 



2 ,.2 
3" 



5 2 
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Thus, we have finally 



(u) 



'dv 



1_ 
8 



r / 



d'V 

Tip 



Uf 



1^1 — tt^Q •— 2 



/TT\ —- TT J #*i/s<i 

\Alj|^l •— ilo T" ^^%' 



'^ tP B (Vq + '^l) + tz^ S {'^1 "^ '^^u) I 



f ^' 'y; c% 



in 



'if?^ 



7} 







f??.-^ 



I o 



1 ,,3 



1 — B^. i [x^7) (1 ^^ ^^^ drj — ^ V 



wv. 



1 +|8^4fVv^^ 






+ SlI'Q i ^^ Cl'^ 







%• 



-f- t^i 





•1 



tvmmm "'3c' XI 



"" J 



1 -|r- S'^, ^ 



L^O 



|i,^1J.{l -^ 7j) dlf] '^ *| F 



B 



i-1 






Wi. 



Wq. 



^-^0 



| = 0j 

^ o J 'o , c r-i « dn 

fju'^T) Clrj -— p-^' "f- V 



U,^ ( 1 "*«' "W ) rfll ■"" F 



0, i ^ ClTj 







^^^" 



«^ tF 












AQ 



r» 



,ip d"^%. 







j[i^.(l '^ fj) drf — -|- r^ 



1 ^i| 







QW 



. /TTTT \ 

/■^ •IV XJL* /» 






I 4. Summary. ■ 
The conditions determining r^ r\ , . . are 

Vmrations perpenmcumr to plane of tnGtaence, when 



tv ^— -• Uj 



dio 



fc "— COS 4 (1 — r), when x 



dm 



' dx ' 






Vibrations paraUel to plane of inmdenm 
Electromagnetic Theory, when 



dl) ^'TTUfn o • /-« \ 1 J CW 

0^ X = ^ ~~f^* cos^ % (1 — r), when a' = a, 






X 



2lTfJb-, 



s: 



Elastic Solid Theory, when 



c» = 0^ 






t -~ {cos^4 (1 — -^r) + % s^^ %-^'l ^' 



X 



when 






cl, 



dv 
Uiij 






{cos^ %.5 — % sin ^s'}, M = — (sin i^s + %/), II-| r= /^^s' 
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Write 



£ 






D 



TT (x) 



1^ 

d 

d? 



'd 







IL CiJuy 



1 M 

d J Q 



1 f^^ 
Q -~- ^^ (^cl — x) dx. 



cl 










a J Q 



^ J/.3 y^ 



dx 



1^' 



E = 



1 

d^ 



rd 




d , 



ja% (c^ — x) dx, 



0/* 



Gr = 



c^ 



F = 



'^^ ffe 



1 



'd 







/x^ ((i — xY dx, 



/^ 



.9, > 



J = 






1 



C6 J A. 



\N 



3 



/^i» 



3 " ~~9.] dgdx, 



1 r^^ 

HI O / \ 7 

= -r I /x'^TT {xj ax, 



d 



1 f^ 

-y I IJ(?{TT{d)---1T (x)} dx, 



K 







1 r^ 







r^ 







ft^' {tt{x)}^ dx. 



L 



1 f^*^ 







M = 4rV'{^(^) 



rZ 







IT (x)}^ dx, 



k' 



1 



[^ dx 



Bf __ 



1 [^ X dx 







??^'^ 



f?^ Jn m 



Q J 







"^ # Jo 



i>t/ ) LVvv 



m* 



Then there are the following relations between these constants- 



D + E = B, E + F = 0, D + 2E + F = B + C = A, D-F = B-0. 

■rr {d) == I - v"" G = a, K + L = (1 - i'^ G) H, L + M = (1 - I'^G) I, 
K + 2L ^- M = (1 - j^^G) (H + I) z= (1 - j^Qf.k = a^A. 



1 rd Cx 

IV J J 






/^" 



7 ti| = B 






7^ Cx /^ 3 



Jo /^^ 



.3 



l = {l^v^(3^)K^Ii = Q 



Hence 



V 



3 Cd 



d^ 



X ,,,y 



/^r 



0*' 



/^. 



m Ct^ CvX, 



x 



K - M = (1 ~ 7/G) (H - I) = (I. - v^G) (B - C - j^J), 



so that for v = 0, 



K - M = B - C. 



And lastly, 



B' + a = A', 



Using this notation we have for Vibrations Perpendicular to Plane of Incidence- 



d 



a 



hv\ 



die f.r 



= _ ^,J1 _ 6^ (F - i u')] + IV, [1 + 8ME - k .2)}, 



;i-0 



d 



'diif 
dx 



x—d 



:= _ ,t»^ |1 + S3 (E - ij.2)} + Wl (1 - 82 (D - 1 V^)} . . . (V.) 
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Electromagnetic Theory. Vibrations Parallel to Plane of Pacidence, 



d 



d 



'civ \ 
'clv 



COS^ % 

a 



VqA 1 



M \ . cos^ % 






a 



Viil '\' h 



.Lj 



-"-^ — Vq\ 1 + o'^ — + "^ : — '^'i-i 1 

Cv \ Ct J Oj 



w 



a 



K 



a 



• * • \ *^ * /• 



Elastic Solid Theory — Vibrations Parallel to the Plane of Incidence, 



df^"" 



\Ci''X' J cc = 







v^. (1 ^ ZK {"P - -I v'^)} 



+ % . {1 + S^ (E — ]rv^)} — I ivU^ . 8 



% 






U 







2 



t2^ S (t;^ + Vq) + ti^ 8 (i;j^ ™ i;Q) B' — SIIqA' 



X f / ch 

27r \\dccj:^^ci 



'ch\ 

dXJx = Q 



1 



llo + tWo. {1 - 8^ (B ^^ ID ~- \ v')'] 

— tz^t^i . {1 + |- 8^ . (D ~ -| F^) } + 8wq . (A — v^) 

™8i'q.(C — v^^) — 8t^p(B •-» ^2 + ^^B') 
4- IV 8nQ . (1 — A') + ^^ 8^ « '^^ , (C — |- v^) 



S- (VII' ) 



where 



u^ = — sbi'o (1 — r) + a^r', 



t' 







= cos ^Q (1 + r) + ^ sin ^o • ^''? Hq = /Xqv'j 



tt^Q = 1 + rj v^ = cos ij • 5 + t sin % , /, tf^^ =: s. 
We found also that the series (V) converge at least as rapidly as the geometrical 

progression 1 + (■--- X 4*53 X /^) + ("T" ^ ^'^^ X /x I + • * • 
The series (VV,) converge at least as fast as 

1 + (" X 6-28 X /xj + ( . X 6-28 X ft) + . . . 



and the series ^yxi'.) at least as fast as 



1 + ( Y X 7-66 X fJi] + (^ X 7-66 X /xY + . • « 



where /x denotes the greatest value /x has in the variable layer. 

The greatest refractive index for transparent substances (excluding metals) occurs 
in Greenockite, and has the value 2*66. Taking this value for fx the three ratios are 
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(in fJ ff rZ fl 

1 2 T^™ , 1 7 7- , and 20 . . If for [x we take 1 '5 tliey are 7 -r- , 9— , 11-7"; if we take 

X A A A A 



X 



d 



cl 






d 



ix = 1*3345 the value for water, the ratios are 6 ^ , _ ^ , _ _ _ 

A A A 

Eeinold and Rxjcker found for the thickness of a black soap-film 7 X 10""^' to 
1*4 X 10""® cms., for red of tlie first order 2*8 X 10~^ blue of second order 3 '5 X 10"*^; 



X 



X 



X 3X 



85 4: 



Q ' o ^ n 



2 



It follows that for the 



these are in wave-lengths of yellow light 

series to converge at all, the thickness of the film must be less than that of a soap-film 
giving the red of the first order. 



§ 5. Equations Determining the Constants r, r\ . . . 

Vibrations Perpendicular to the Plane of Incidence, 
The equations (V.) (p. 837) give^ on substituting for Wq . . . 
- (1 + ^) {1 - S' (F- h^)} +s{l+ 8^ (E '- iv^)} 



(1 + r) {1 + S^ (E - i-v^)} +s{l- S^ (D -- ^i/)] 



L S/xq cos % (1 — r) 

- I ^Mi cos tz-t « Oj 



or 



r, {1 — I Bjjlq cos iQ-— xj , \^JL- — 3 



a^ (p «» i^s)| _ 5 ^ |i + as p _ i^s^i 



— {1 + ^ Vo ^^^ ^ "^ ^^ • (F "^ i^^)}? 
-r. {1 + SME-i^')} +5.{l--t8^iCos^i--8^^(D---i^2)} = l + a^(E-|^^), 

whence 

r . [{1 - 1 8/xo cos 4 ■«- 8^ (F - ^i^^)} {1 - ^ 8^^ cos i, ^ S^ (D ^ i^.^)} 

- {i + 8^(E«~i^^)}^] 

= — [{1 + t S/A.Q cos % — 8^ (F — ^v^)} il — t Sj^i cos% — 8^ ( D — - 

^ {l + 8^(E^ip^)}^], 
or 

— 8^ , {/io cos 4 (D-i^^) + ^1 cos ^1 (F- J^^)}], 

= + [fio ^^^ % *^ i^i ^^^ h + 1 8 . (A '— [jlqijli cos ^'o cos % — p^) 

— 8^ {/xq cos % (D — i^^^) — [ii cos ii (F — jv^)}], since D + 2E + F = A (p. 836), 
Similarly 

s . [ju^o cos % + H cos % — ^' 8 ( A + /^of^i ^^•'3 % ^^^ h """ ^^) 

- 8^ . {fio cos to (D - i^') + fti cos ^1 (F -» iv^)'] == 2/^o co^ % . {1 + 8^ (E -- ^v^)}. 

Since r = Ee'^, 5 = Se'^'j, we get, by changing t into — i, multiplying and dividing 

W , [(jao cos % + fii cos *'i)^ — 28^. {jjlq cos % + fh cos ii) {/xq cos % (D — ^v^) 

+ ^1 cos ii (F — |-^^)} + 8^ (A + ju,Q/ii cos Iq cos % *- v^f] 
= (/xq cos ^ — i^i cos ^i)^ — 28^. (/xq cos ^q — /xi COS ii) {/x^ cos % (D — ^V^) 

— /xj^ cos ^1 (F — |i^^)} + B^ . (A — /xq/x^ cob 4 cos % — v^f 
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and 



and 



,2tp 



and 



.2icr 



S"^ . [(/xq cos Iq + /Xj COS IjY — 2 S^ (jitQ cos Iq + /x^^ cos %) {/Xq cos % (D — ^v^) 

+ /x^ cos ii (F — -f?^^)} + S^ (A + /xq/x^ cos % cos % — v^fj 
= 4/xq^ cos^ ^(3 [1 + 2 8^ (E — 6 ^^)] 

yUo COS '2^0 + /^i COS \ + cS(A + fA,QfjLi COS^q COS i^ "— Z^^) — S"^„ {/X() COS ^Q(I) — ^//^) + /Xj COS '2^1 (F —- iv^)} 

/jLq cos Iq + jjL^ COS ^^ — fcS (A 4- /Xq/^j cosio cos i^ — v^) ■— S^ . {/^q cos %(!} — -g-z^^) + /^^ cos %(F — -^z^^) } 



.X 



/X() COS % ~ /Xj cos '^\ + fcS(A — /^0/Xj^ COS ^ COS ^'^ — Z^") — S^ {^q cos ^0(0 •— -^-F^) ~~ ^i COS %(F — i|-z^^)} 

/Xq cos 'z^q — /x^ COS i^ — ih{K - /jLqJUj cos i^ cos 7'^ — v^) — S'^ {/x^^ cos %(B — \v'^) — /Xj^ cos ij^(F — 4-/^^)} 

fjb^ cos '^() + /Xi COS % + fcS (A + ^f)/Xi cos % cos % — z^^) — W' {/Xq cos ^^(D ■— ^p^) + /Xj cos ij (F— |-z^^)} 
/X() cos '2^(j + /xj^ cos ?;j^ — i8 ( A + /Xq/x^ co<9 Iq cos ^-^ — F^) — S^ {/Xf^ cos ^0 (D — ^ir) + /Xi cos ii (¥ ~ ^Z^^) } ' 



Hence 



R 



2 



- /xq cos '^'o + jjbi COS 'Z.'A ^ r ^^ 0^0^^ ^ + /^i COS %) {/Xq cos «Q (D — ^V^) 

/Xq COS % + fjbi cos %/ L /^o^ cos% 

— / x^cos'i^(F— ^z^^)} — (/XqCq s-^q— /XiCOS%){ /XqCOS^qCD ~~|-z^^) 4-/^1 cos%(F—|-z/^)} 

— jJb^ COS % 

02 (/^o COS % 4- itt^ COS i^^ (A — /Xq/x^ cos % cos ^j^ — z^~)^ 

(fMo^ cos-^0 



»M1& 



2\3' 



(/Xq cos % — fii COS %)^ . (A + /Xq/^i cos ^q cos ii •— z^^)"' 



or 



R^ 






— /x/ cos'^'Z'i y 

1 + 48^ /xo/xi cos ^0 cos ^j-^--^--^^0-^~^^ — Pr- „ 2T3" 



using the equations x^^ = /Xq^ sin^ ^q = /x^^ sin^ ii and 
E + F = G (p, 837) 



D + E = B, 



Q3 



2/Xq cos ^0 



2 



^/XoCOS'iQ4-/XiCos\/ 



or 



S 



g 4 sin^ i, cos^ % 

~ sin^ (^0 + i^) 



^ 6/1 yC6Q cos '^0 + /Xi cos ^1 

^^ (A 4- /Xq/Xi COS ^0 cos ij — z^^)^" 
(/Xq cos % + /Xj^ cos ^i)^ 



^2 (A -^ /Xq^) (A ^ /x,^) + (B -^ C) r/x,^ -^ /Xq^) ' 



*^') 



(/Xq cos % + /jLi cos i^f 



using the same conditions as for W^ 



tanp = 2S/xqC0S% . 



/^i 



A 



/X| — /Xq 



neglecting 8^, &c. 



tancr 



2S . ^+J^Mlh^^Sl(k+h) neglecting S« 

/^q cos ^n + iW' COS ^ ' "^ ^ 



I T J_ X.JL* /# 
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These give at normal incidence 



E 



3 



f^\ - f^O 
#1 + /^O. 



3 



1 + 4SW, — .^.„^^_^_^ „ 



S'3 



4/^0' 



3 



(/^l + /^o)^ 



3\' 



■ .3 (A - /^o2) (A - ^i^) + (B - C) (iM,^ - fM„') 



Vibrations Parallel to Plane of Incidence {Electromagnetic and Contractile Ether 
Theories), 



The equations (VF.) p. 838, give on substitution for %, Vp since, in this case, r\ s 
are zero, 



cos i^ (1 + ^') ( 1 — S^ ""^ j + cos iiS ( 1 + S^ 



±j 



a 



L BafjLQ ( 1 -— r) 



cos % (1 + '^') ( 1 + S® "~" ) + COB ijS ( 1 



S^ 



K 



a 



BajjLiS^ 



or, 



cost^r.f 1 ■— t Sa 



/^o 



1% 



M 



COo 'vn Cv 



COS i,s (1 4" S^ 



Xj 



a 



COS %r J 1 + S^ -™^ j + cos iiS ( 1 



8a -^~ -- S^ 



cost., 



COS 4 ( 1 + t Sa . -~" S^- 

^^ \ cos % 

= cos % ( I 4- S^ — I , 



a 



K 

a 



whence 



r 



1 — t 8a "T 

cos ^Q 



S^ — ") ( 1 



Sa 



/^i 



cos ^^ 



gs 



e: 



a 



1 "-|-" O" 



T \2 



a 



1 + t8a-^-r-S^~Ul -iSa ''^ 



COS^Q 



M 
a 



COS^i 



'^— + 1 + 8-^-^ 

a \ a 



ha 



/^o 



cos % 






'3 



1 



C6 



1 4* 8 



Ju 



a 



2" 



= — 2fc Sa 



JfL A 4. gs 

cos ^1 \ 



a 



or, 



MDOCOXOIV.^ — A. 



5 V 
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r . 



cos % COS i^ 



f^i 






/^O 



COS 'Z'l COS % 



COS ^j COS '2^0 



r + ^ S (a 



COS ^Q a COS % ^ /^ 



A^iMo 



COS ^j COS %^ 



a) + §2 f-^ 

/ \cos % 



ifcrt 1\. jM-t 1\JL 



COS % a cos i^ a 



and 



6* 



^i . ^_,s(a 



"J" 



/^l/^O 



K 



Ml 



M 



cos ^1 COS ^Q 



COS ii COS ^0 / \cos ^Q a cos % a 



^ A + 32 -L\ since K + 2L + M = a^A (p. 837). 

cos %j\ a J 



Since r = lie''', s = Se'*^, changing t into — t^ multiplying and dividing, we have 



R^ 



_ 2 59- / ^^ 4„ ^0 \ /-^^« 1^ I /^i M- 

xcos^i ' cos%/ \cos% cos%/ \cos% a cos% €& 



Mi_ I Mo 



+ S^(a 



MiMo 



COS % cos % 



, **J~ XX 



/ Ml Mo V^_i o5i3 / ^1 ^0 \ / Mo K Ml M.\ ! Sa/^ MiMo * 

\cos% cosv '\cos% cos^q/ \cos*Q a cosii a / \ cosij cos*^ 



S^ 



Ml I Mo 

COS % COS %/ 



2S^(-A-4- 



/^o 



£6a J.\. I ilfc-] xVx 



MiMo 



COS ^1 ' COS %/ \cos ^Q a cos 'i^ c^ / \ cos % cos % 



= M^ (l + 2 8^^ - 

cos-" % \ (1^ 



Ml 



Mo 



— ^ ~ ^-. iqIcI 



MiMo 



€ 



■^Ip (»=!■ 



cos ^1 cos Iq 



\ cos ^| cos ^o 



~ — r» i\. 



Ml 



OOo v-t 



Ml 



-|~ 



Mo 



Si a 



MiMo 



cos % cos ^Q 



cos % cos % 



T "T' ^ 



Ml 



cos li 



COS % \ cos % COS 10 / 



00 b t'A 



8 (a 



MiMo 



cos % COS % 



Xjl 



Mi- 



Mo 



COS^ % 



cos^ % 



r + 2i 8 



Mo 



a 



Ml 



3 



cos '^Q \ COS" % 



Ml 



a 



Mo^ 



cos^ % 



COS^ -^0 



2i 8 



Mo 



a 



Ml' 



COS tQ \ cos^ % 






A 



-2t<r 



_ — __ I -. ■■- ™ -X. (^ 3 / (]^ 

cos -Ij COS % 



MiMo 



COS ti COS % 



T+A 



Ml I Mo 

COS % COS % 



a- 



MiMo 



cos % COS % 



-. 4-. A 
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Hence 



W = 



COS % 


— - 


COS {q 


• 


+ 


Mo 

* 



3 



1 + 2S^ ^^^ % ^ 



Mo K Ml M 



Mo 



K 



Ml 



M 



COS^ 



Ml 



^cos 2j COS ^J) 



cos^ 



a 



: -4-" 



Mo 



L_^ J- 2g2^Q^^o ^'^ 



cos^i a 



Ml 



Ml 



COSl 







MiMo 



+ s 



gj \ COS ti COS ^Q 



aY 



COS %^ COS ^0 



^ JiA%^ + A 



3 



Ml 



Mo 



3 



oo \ COS 'ii COS ^0 



2 



COS ^1 COS ^Q^ 



Ml „ I _MfL 
cos ii COS ^Q / -^ 






B — C 
1 + 4S^/Xi/iQ COS ^\ cos ^0 "^ 



J 



• • 



w^/ij sm ^0 sill tj 



fJb^^ COS^ ^Q — />60^ cos^ ij 



+ 4S^ /Xg/ij cos 4 cos % 



. {A-/io^--(A--GMo^)sin2^^}{A-/ii^-(A--G/ii4)sin2^J' 



So* \3 



S^ 



J^jJ/Q 



COSii 



Mi_ I Mo f 



*COS %i COS -^Q^ 



1j 



(flj^ COS^ Iq -- /iQ^ cos^ %) 






C/. Ui . tin 



Ml I Mo 

— — — — — — ti— Ibiiim -™-*-— -™-™-- 

COS ^\ cos 4 



\2- 



03 \ cos % COS % / 



a 



Ml 1 Mo 
" j"" " 

cos ^1 COS {q^ 



% 



4 sin^ ij cos^ % 



\LjLtj* 







sin^ (% + %) cos^(%— ij) 



1 — S^.{B — C— J yL^yb^Bixxi^ sin ^j). 



/^ cos %Q — /^Q COS %i 
^l COS % + fjb(^ COS ^1 



g,^ {A -- fjL^^ -^ (A •■- GfjL^^) sm^4}{A •- /^^^ - (A - G/^/) sin^^J 

(/il cos 4 + flQ COS %)^ 



28 



Mo 



a 



Ml 



3 



tan p 



cos ^Q \ COS^ % 



A 



Ml 



3 



Mo 



2 



cos^ % cos^ % 



28 



j^o COS ^0 



/Ai^ — A 4- (A — G fjL^'^) sm\ 

fl^ COS^ % — • fl^ cos^ % 



since a = 1 ■— ^^G (p. 837), where j^ = /ix^^ sin '?'q = /x^ sin ii 



8. 



a 



MiMo 



tan cr 



COS ^^ cos %Q 



r "4" A 



Ml 



COSi 



~y" 



Mo 



COS*, 







^ (MoMi + ^ ^Q^ '^0 cos ii — Gr fjij^fi^ sin % sin i^ 

/A| COS ^'q + /^o COS ^^ 

5 F 2 



,.^ 
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When in = 0, we have 



R 



s 






\3 



1 + 48Vo/-i ~ (^^^^-^^^^ 



f^o') 



QS _ 



_^W1^ 



1 _ S^ (A - /.Q^) (A -^ ^,^) + (B ^ C) (^,^ ^ /.Q^) ' 



the same as for vibrations perpendicular to the plane of incidence. 
When % + ^j = ^TT, we have 



1^3 = 18^ (A + g flpW - 1^0 - 1^1 f g2. _ ^0^ 



4 



2 I „ 3 



/^o' + /^l 



1^1 



Q • 



1 1 5^^ (A + G ^oVi^ - /^o^ - /^i^)'" 

I S^lS^mm — — fj' ""' '" — »>'i ■■■■■—«■" 'l- "••»ii- I "l- - - ."II .11 Hi I. II ■ .■.r.liTO-.-nrn.nii.m-.-r-,— "- 

.1. 4 ^^ « Q , o 



tan p = db tan \tt according as 



/^i + f^o < A + u /xo P^i ? ^^^^ or >-^ 2v^/t MTT ?: 



Vibrations parallel to plane of incidence {Elastic Solid Theory). 
The equations (Vir.) p. 838, give on substitution for %, i\, . . 



1^2)1 



(cos ^o (1 + r) + I sin i^ , /} {1 — 8^ {F — ^ 

+ {cos i^ .s + I sin ii^s'} {I + P (E — - -| v^) } 
=• L hfXQ {cos^ ^ (1 — • r) + a^ sin ^o . r j 



-| i?^ S^i^o^'' 



sin ?:o (1 — r) + a^r — t^ S . {cos ^q (1 + r) + i sin % , r} (| + B') 

— ti/ 8 . {cos V + c sin ^is'} (I — B') — hfx^k! .r = — (sin ^\ . .9 + a/) 



/^c 



3/ + Lv . {cos io (1- + r) + L sin 4 • ^^1 (1 — 8^ (B 



XT) 



i-')} 



— Lv{Gosi-^.s + isinii.s'} [I -\- ^8^(1) — ^v^)} 
+ 8 {— sin ^ (1 — r) + «()/} (A — v^) = /aj/ 

S {cos «o (1 + r) + I sin i>'} (C - v^') - 8 . {cos i^s + t sin *>'} (B - v^ + v^'B') 
+iij. 8^0 (1 -A.').r' + iv8K{- sin ^ (1 - r) + ao/} (C - i z.^) 
= t/^i {cos^ iiS - «! sin ij . s'} - i/^o (cos^ ^-'o (1 ~ r) + «o sin *o . ^'^}. 



1 

where we have throughout neglected -^ except in terms of orders 8^ 8' 
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We get, collecting the terms, 
cos ^Q . r . { 1 — t S/xq cos % — S^ (F — ^ v^)} •— cos i^.s [l + 8^ (E — ^v^)] 

== — cos ^o . { 1 + ^ S/xq cos ^0 — S^ (F -— ^ v^)] 



• • • 



(1), 



sin ^Q . r . {1 — L 8/xq cos ^q . (|- ■+ B^)} + sin ^'^9 . { 1 — t S/x^ cos ^\ (| — B') 
+ / . {oto + S/Xq . (sin^ Iq .|"+~B~ — A')} + 5' . [a^ + 8/xj sin^ ^^ (^ 
= sin ^0 . {1 + t Bjjlq cos ^o (| + B')] 



1: 



-B')} 



• * 



(2), 



• • 



A-/- 



/Xq sm ?,f) cos ^Q . 9 



S2(B 



il> 



/^Q COS ^^ 
jLtj sin ^\ cos i^. s . {I -{- ^S^ (D — ^v^)} 



i^') 



t/Xo cos^ ^'q . r' . ^ 1 + 8a 



A 



V 



^ fJbQ cos^ ^0 



r + 8^ tan^ i^ . (B 
_ 1 ,.3\> 



A -7^3 



jUq sm ^Q cos ^Q 



1 + c 8 



fjb^ cos ^0 



S2(B 



ID 



2 L^ 



i'^^) 



i-^) 



• « « • 



(3). 



flQ cos^ *'o • ^ • " 



1 - 1 8 - — ~ - 83 tau« *o (C - i v^) 



//.Q COS ^Q 



4- jW-i COS^ ^'j . .9 . j 1 — 6 8 



/^3^ COS ^;^ 



• • 



/Xq sm '2'o . '?" S otQ 



S C:=z!B:_:zi^ ilzJ^ + g^ (C -^M 



• « 



— [Xi sm ^j . 5 



OL, 



B - x;3 + z;3B/ 



:=-- /Xq COS^ ^'q . ^ 1 + 6 8 



fJL^ COS ^Q 



82 tan^ io (C - i 1^) 



(4). 



In working with these equations we shall throughout neglect 8^, 8*, S^A', A'^ . 8, 
&c., &c. 

We may thus in terms of order 8^, interchange a^, sin i^ and a^^ sin i^ 
Multiplying (1) by j^ == /xq sin ^Q = /x^ sin i^ and subtracting (3) we have 

I 8 sin io . r { A — /xq^ — I 8^^ cos i^ (B — • |D — F — ^v^)} 
— 8^ . /xi sin ij cos ^^ . 5 . (E — ^D •— -Jz^^) 



+ t/. {/xo 4- 8aoA+ ^oS'sinH'o(B - |D -- F +i/xo^ ^ 
- ts' . [/xi + /^i 8^ sin^ i, . (E - ID - i^^)] 
^ L 8 sin ^ . {A — jjlq^ + L 8/xo cos ?o (B — ^D — F — ^v^)} 



6 



i/)} 



• (5). 
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Similarly, from (2) and (4) 



r , 



8'^ sin^ ^n (0 — ^v^)} + ^^ « {/^i "~ ^ ^ ^^^ h (^ 



{/xq — • tS cos t( (C 4- i^^) "-" i^o ^" ^^^^ h l'^' "^ t^"j] "t" ^^ ' 1/^1 "~ ^ 
+ S^' sin % . {C + ^p^ - /xo^ - 8z. (C - 1^^)} + 8.9' sin i, , (B 

= /xq + 1 8 cos % (C + 4^'^) "^ j^o ^^ ^i^^ ^ • (^ 



k^)} 



i-^) 






i''^) 



» « • • 



• (6). 



Multiply (1) by «, ] 1 ~ S (|/.,«, + ^B' - lA' -^j + X 8^ (F - E - J/.,/ + f^^) j 



(2) by tsin ^\ . 



1 — 8 



V 



o nL . 



/^O 



Sill tr\ 



+ p^(c-l/.o' + .^)j, 



and add, using the relations a^ = a/ f sin^/Q — —^j , a^ =: a/ ( sin^^l _ _ j ^ 



• « 



• 9 



whence 



sin. ^Q 5^0 



<^3 , sm % 



_ _, ^ 



sm % a 



2 + terms in — , . . 



] 



m' 



1 1 
and neglecting: terms of order 8^, 8^ -~r , . ... we have 



t/ . {a^ sin ^0 + ocq sin ^\) 



r 



' (a^ cos ^Q 4" ^ sin i^ sin ij) { 1 — t 8/iQ€ "« — |^ 8'^ (C + ii^(/) ^ ^""1 



+ i 8A\ ^ . €"« 
/^i 



+ 5 (a^ cosi|— tsin^^i) {1 — ■ 8z/ + -|8^. (C — ift(/^+ ^^^)} + |8A'. 
(otj cos % — i sin % sin %) { 1 + t 8/Xoe"'» — ^ 8^ (C + |jUq^) e^'*«} 



W 



■^ 



/^i 



. € 



•«! 



^ (7). 



+ 1SA' 



/^l * 



Again, multiplying 



{l)hj a, i^l ~h(^l^,a,-vW + IA'^^J+18K{F ~E-W + h')\ > 



r ., ^ /aq / . , 1 



(2)by.sm.o.|l+|8^(^A' 



m, 



9 



I S^ (C - W) > 







and subtracting, we find 
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ts (a^ sin ^Q + otQ sin ii^) 






(<Xq cos ^Q — L sin^ i^) { 1 — t S/Xg cos ^Q — | 8^ (C + -|/Iq^ — ^^)} 



|S(A' 



m 



-J /*o • e"° 



/' 



r 

6* (^(3 cos ^1 + L sin ^Q sin ij) { 1 + i S^ • (C — l/x^^) e"^"^} 



-18. (A' 



m 



/ 



/^o^ 



— Ul 



+ 



(ao COS *o + t sin^ *o) { 1 + 1 8^0 cos io - | S^ (0 + l/^o^ - i^^)} 



-18 (A' 



m, 










(8). 



Substituting from (7) and (8) for r^, s' in (5) and rearranging the terms, we find 



r. 



{/Xq (otj cos ^Q + L sin i^ sin i^) + jm^ (otQ cos ^q — t sin^ ^o)} (^ + 2 ^^^^) 
+ 8.(1 — L 8/Xq cos Iq) Aotj^ (a^ cos ^Q — - t sin^ ig) — t S/>^o^^i cos 2^q 

1 \ flQ 



— L S/XQ/xi^otQ cos ^'q. € ''" — -| 8 ( A' 



^o7 ^1 



• (i^i 1^0 ) 



.Uq 



+ 2 S/^0 /^l C^S ^0 



1 



m 



3 2 



i 8 — (juii^ — /xq^) cos f'o ~ — 8^^^ /Xq sin ^\e■ 



/^i 



m, 







2 



8^,(jaQ sin ii cos 2^Q + /x^ sin ig cos 2^\) (C + ^ /Xq^) e""'*» 



6\ 



/Xq (a^ cos % — t sin^ i^) + /^i (^0 ^^^ h + '' ^^^ h ^^^ h) 

+ 8 ( A — /Xq^) ^q (otj cos ^\ — L siri^ i^) — ^ 8 ( A' - 



1 \ 



f^o 



^0 / /^l 



. (/Xi^ - /Xo^) €" 



+ I 8^ (/Xq sin ^\ cos 2iQ + /x^ sin ig cos 2^^) (C — ^ /Xq^) €""''1 



■ai 



{/Xq (otj COS ^'o ■— t sin ^Q sin i^) + /^i (^0 cos ^Q + t sin^ %)} (1 + i SV^) 
+ 8(1 + ^ ^i^o cos «q) Aotj (otQ COS ^Q + t sin^ %) + 1 8/XQ^aj cos 2^q 

1 \/^o 



+ 1 8/XQ/XiaQ COS ^Q€"« — -| 8 1 A' 



^oV fh 



. ilJ.,^ ^ /Xo^) €-^^0 



+ i Sf^o/^i cos ^0 



m 



3 2 



i 8 ^ (^1^ - /xo^) COS i. 



f^l 



m, 



3 



sv 



Un 



/Xq Sm ij . €"'« 







^ 8^. (/Xq sin ^\ cos 2^q + /x^ sin ^q cos 2^\) (C + ^/Xq^) e''" 



— / 
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In the game way we get from (6) 



)\ 



— S^/Xq cos ^q sin % sin % {/>tQ^ cos tg +(6*^0) €"""«} 



r 



"■y" 6 • 



jjLj (a^ sin ^Q + otQ sin ^\) •— t 8 sinig (a^ cos ^J — t sin^ ^i) (A — (j^q^) 
+ 2 t S^ 1/ sin ^Q sin "2^1 (C ■— -| /xq^) ^"""^ 



/Xq (otj sin ^o + ^o ^^^ h) (1 + t S/^o ^^^ ^ ) + ^^ ^^^^ ^V {^o ^^^ h + ^ sin^ ^o) (^ "~" i^o^) 



Solving these two equations for r, s% we get, after some algebraic transformations, 

1 11 



using the values a^ sin i^, 







sin^ ^0 — r— :, an sin L = sin^% 



2mi^ 



. neglectin^f — in 



terms of order 8^, and finally discarding a common factor, a^ sin t^ + ^i sin ^ 



r. 



{1 — 6 8/xo cos io - I ^W cos^ ^ + i 8^ (C - I /xo^) } {[Mo^ .(^1 cos ii - L sin^ t^) 

+ i^i^- (^0 ^^^ % "^ ^ ^^^^ ^*o) + i^o/^i (^1 ^^^ % + <^o ^^^ h + 2t sin ^q sin i\)} 

— 1 8. {(1 — 1 8/>to cos ^o) (A — /Xq^) — 1 8 (/xi cos i^ — /Xq cos Iq) (C — i/^o^)} 

{jLtQ (cos Iq + lotQ) (otj cos i^ — t sin^ i^) + i^i (cos ^'^ + ta^) (a^ cos ^q — ^ sin^ ^q)} 

- 1 8^ {(A - /xo^) (A - />ii^) + (i^i^ - i^o') (B - C)} sin^osin^i.€"^^^«-^^^> 



^i8(A' 



/«o 



m,-^ 



/ ^1 



(/^i' - /^o') (/^o^""^^^ + H^i^'') 



{ 1 + 1 8/Xo cos ^'o - J 8^/io^ cos^^ ^0 + i 8^ (C "- I /xo'^)} { - /xo^ («! cos ^1 - i siu'^ i^) 
+ i^i^^ (^0 COS % -f- i' sin^ Iq) — /Xqjuix (otQ cos ii — aj cos t'o + 2t sin ^'q sin ij}} 
— 1 8. {(1 + 1 8/xo cos t'o) (A — ixq^) — 1 8 (/xi cos ^^ + /xq cos ^o) (C — | /xq^)} 

{/Xq (cos ^0 — ^s) (^1 COS ii — t sin^ ^i) + /x^ (cos % + loc^) (ocq cos ^q + ^ si^^ ^o)) 
-. t SK {(A -- /xo^) (A ^ /xi^) + (/xi^ »- ,xo^) (B ^ C)} sin i^ sin ^ic^^'-i.) 



-18 (A' 






and, in the same way, 
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5. 



{ 1 — t SfjiQ COS % — I S^/Aq^ cos^ ^0 + i 8^. (C — ^ jxq^)} {/xq^. (aj^ cos ^\ — t sin^ ^l) 

+ f^i^ (% cos % — t sin^ 4) + [Mq/mi (otj cos % + ^o cos h + 2t sin 4 sin ij)} 

— t S. {(1 — t SjLtQ cos io) (A -— JJLq^) — 6 S (/Xj cos ^'i — [JLq cos ?o) (C — I flQ^)} 

{/xq (cos i'o + t^o) (^1 COS ^\ — L sin^ ^j) + /xj (cos ii + ^^i) (% cos % — - t sin^ ^q)} 
--. t S^ {(A - jtxo^) (A -~ /ij^) + (jtxi^ -. /io^) (B -- C)} sin ^ sin ^.€~^^'^^'^^ 

- I S (a' «^ i^,) ^; (^/ ^ ^/) (;xoC-- + ,.,e^ 



2/io cos 4 . 



(^0^1 + f^i^o) {1 + P^(0 - l/io^)] 



S. (sin 4 sin ^1 - aoa^) (A - /Xq^) - P ( A^ - ™) f^ (/ti^^ ««. fi,^) 



We easily find 



/Xo^(ai cos ^1 — t sin^ h)+/^i^(ao cos 4— t sin^ 4)+i^oi^i(aiCos ^+^0 cos «'i+2t sin Iq sin i^ 



/^oMi 



^ sin (4+%) {(/*o^i+/^i^o) cos (io—h)— ^ (i^i sin S—\i^ sin i'l) sin (%—%)}, 



/^o^(% cos ^'i— i sin^ h)+/^i^(«^o cos i'o+t sin^ ^)--/^o/^i (^ocos i^-aj cos 4+2£ sin ^ sin i^) 



/^oA^l 



— sin (^0— h) {{/^o^i+/^iao) cos (^0+1^) + 1 (/x^ sin 4— /^o sin i^ sin (%+h)}, 



Mo/^i 



/xo. €-"'^ + /xi€**« = ^* sin (4 + ^\). e^<^«~^*i>, ^^c-^^' 



""''« -- f^o^"'*' 



Mo/^i 



V 



sin (% — ^\).e~'^'«'*"*^l 



/xo (cos 4 + loto) (oti cos ij — t sin^ i^ + /x^ (cos i^ + ta^) (a^ cos ^ - t sin^ 4) 
= cos (4 - h). {h^i + i^i^i) { 1 - t -~^?i|~^^ (sin i, sin ij -^ ao«i) 

~ I sin (^ - *\) (/., sin *o - Mo sin h)\i-i ~J^M^%3l^ ( gj^ ,• _ ^ j -s 



fiQ (cos 4 — tao) (aj cos t^ — t sin^ ij) + ^j (cos i^ + tcej) (a^ cos % + t sin^ io) 



cos (4 + h) (/^o^i + /^iao) - 



A — t 7-^-; 57-: — r-:^ — r (sm ^^ sm $i — a^a.) 



+ 1 sin (4 + i^) (fi^ sin ^ — ^q sin 2\) ^ 1 — 

MDCOCXCIV.— A. 5 Q 



/^o/^i sin (4 ~ %) 



(/^i^ - Mo 
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* t * t 

Writing ^-^^ iL^— o 1-— ]£^ i\^q equations become, dividing out common factors, 

such as 1 ■— ^S^/xq^-cos^ % + |S^ (C — i/xo^)^ and neglecting S^, . . ; as before, 



r . (cot . (% — ' ii) — • tM} (I — tSfiQ cos %) 



1 



iSpjA- fiQ^) _ g3 sin (^ - ^i) .^ ^ j^ g. 
/^o/^i sin (% + ^i) sin (^ + ^j) ^ ^ Po / 



S^ {(A - /Jip') (A - /^^) + (/ii^ ^ /tp^) (B -- Q)} . s in 4 sin i^ . e- ^<^o+^i) 



S (A -- /xo^) 



(/^i^ + /^o^) sin (% + %) {cos (io ~ %) - ^M sin (i^y - ij)} 
fjiQfii COS (% — %) (sin^o sin ii — ^o^i) "^ ^ sin ('^q — ^j) (ot^ sin '^'j — ^Xj^ sin %) 



/^i^ + /^o' 



\ ^?ip'-/ sm % 



2; . {cos {% - Q -- cM sin (^^ - ^i)} 



COS (% — '^'j) — /,M sin (i^j — %) 



{cot (4 + h) + *M) (1 + tS/^o cos %) 



1 



^ 81/ ( A - /J Q^) _ g3 sin (io +Ji) .^ _ .^ 3 
/jL^^/jL^ sin (% — %) sin (% — %) ^ ^ ^^^ 

^^ {(A — fiQ^) (A — />ti^) + (fii^ — /i'o^) (B — C)} sin ^ sin % . e' ^^o~n) 



8 {A — /x^ 



Q v.' I .*^JL, 



2 



(/i,j2 + A^o^) sin ('^0 ~" h) {^-^s (% + i^) + ^M sin (^q -f- %)} 
/xo/i^i cos (% + %) (sin ^ sin \ — a^a^ ) -f c sin (% -f i^) (uq sin t\ 



1 \ /^o 






1^ . {cos (% + %) + aM sin (% + %)} 

.■"t(«o+ii) 



r/?.'Q^/ sin %) ' cos (% + %) -f eM sin (%) ~f- '^'1) 






(Xi\ iX 



s . {cot (4 — %) ~ «'M} (1 — tS/xo cos % — PW cos^ 4) 



'Bracket^ 



of r 



^ cos '^A sm fc'-j 



sin(ip — ^j)sin (% + %) 



« « » « 



L *"~~" O \xjL " ' IX^n ) c) 



LbnlJL-i bin 't-A Sill t'l ~~" C€r\C€-t 



Mr + H'o 



V 



o \J j XjL 



/^O 



• * 






M 



m^''/ sm ^Q 



Now r = Re^^ s ~ Be"" ; hence changing t into — t, multiplying and dividing 

1 
corresponding equations, and, as before, neglecting 8^ 8^ ^ (and, therefore, 

8^ (sin ^0 sin i| — S^i)). we find 
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W . [cot^ (i^ — ii) 



1 +S 



(A -^ /.,^) (A ^ ^,^) + (^,^ ^^ /.Q^) (B - C) 

sin 'z^o sin ^j^ . {{fi^ — /;6o^)^ + ^fi'^fJ^i cos 2^q cos 2^^ 

• ^ — ^ ' — " — ~ — _— — 

sin^ {% + i-i) {cos^ {% — i^ 4- M^ sin^ (% — '^i)} 



- 2 8 (A - /xo^) 



COS^ (^Q 



-S. A' 



/^/*o 



^\) (sin ^'q sin i^ — c^Qai) 4- M sin^ {i^ — ^\) (a^, sin ^'^ — ^^^ sin i^ 



V . {cos^ (^Q •— %) + M^ sin^ (^0 — i^} 

T . M 



Mo T\/r cos^ (% — i^) — M. sin^ (^^ — i^) 



mQ^J sin ^Q cos^ (^q — %) + M^ sin^ {% ■— i^) 



[cot^ (^0 + h) 



1 "4" 2 



2 (A 



/.o^) (A - /.i^) + (fi,^ - /.o^) (B -- C) 



2 S (A "« /^o^) 



sin 7^'q sin i^ {(/jl^^ — /LtQ^)^ + ^t^of^i cos 2^^^) cos 2^^} 
sin^ ('2^0 — ij) {cos^ {% + ^i) + M^ sin^ (^ + %)} 



/^i^ + Mo^ 



cos^ {% + '?!-) (sin ^'o sin % + «o<^i) + ^ ^i^^ (^ + '^) (<^o ^^^ h "^ ^i ^^^ ^) 



-8. A'- 



m, 







z; . {cos^ (^ + i^) + M? sin3 (^ + i^)} 

^1^ ^ cQs^ (% 4- %) "- M sin^ (^ + h) 
sin -2^0 ' * cos^ {jjQ + ^i) + M^ sin^ {% 4- %) 



S^[cotM^o-^■,) + M^PSt'' 






4 cos^ ^ sin^ % 



sin^ {% — -^i) sin^ {% 4- ^i) 



8 (A' 



» A 



1 _ 28 (A -~ /xo'^) 



/Xq/>6j sm %Q sm ^J 



^0^1 



l^\ + /^o'^ 



p 



y^o 



3 



I « XTJL 



??^Q'"/ sm^Q 



-2tp 



[cot (^ 4- %) 4- ^M] [cot (^ 
[cot (^0 4- %) — ^M] [cot {i^ 



^l) + iM\ 1 + 2. S/Xo cos ^ ^ "~ ^' ^^« '^''' '« /xi^^ 



io) — tM] 1 — 2t S/Xq cos i^ 







A 






w 



1 4- 2tS/XoCOS7:o 3 , 



1 4- tM. 



tan (^0 — %) 4- tan (^q + %) 
1 — M^ tan (^Q — i^) tan (t^q 4- %) , 



1 4- 2t Syu/Q cos % 



fh' 



A 



/^i^ 



/^o^J 



M. 



tan (^0 — %) 4- tan (% 4- %) 
1 — M^ tan (i^ •— ij^) tan (^Q 4- ^i) 



^ U 



Ah^ - A 

2t 8/^0 cos ^0 -71 ~1 






1 4- tM tan (^^ — %) /^oA^i sin (^^ 4- i^ 



1 — tM tan (^Q 



^■^>l-.8^ 



N 



3 



z/ 



/^o/xi sin (^ H z'l) 
5 Q 2 
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Hence, we have finally, using the values of a^, a^, 



11^ = 









sin ig sin ij sin 2*0 sin 2\ { {fi^ — fi^^)^ + ^ifjui^fi^ cos 2% cos 2\ } 



sin^(^-ii)sin2(to+g(cos«(^-ii)+M2(io— ij)}{cos^(^o+^i) + M2sinS'(^ + i,)} 

sin 2i, sin 2^^ . J A'(/t/- -/.o') + (A - /.j^) -1 - (A -^,^) ^ 



m, 



3 



'0 



mi 



/^o sin ^ . { cos2('io -• i^) + M^ sin2('io — %) } { m^\% -f ^j) 4- M^ mx^i^ + %) } 



S 



2 



4 cos^ 'io . sin^ % 



sm3(7'o--^i) . sin2(^o + ^l){cot2(^o--^l)4•M2} 



(8^) 



sin to sin ^{(iW'r — •iW'o^)^4-4:/>to\^^ cos 2to cos 2i{\ 
sin2(to + ^i) {cos^(tQ — i^ + M^ sin2(^ — i^ } 



(A-. j. 



28 



AtoViM/^Z-Z^o^) sinn^o-^i) 



A'(/^i^-/^o') + (A-/Xi2)~ -(A-/.o2) ;^~ 



m, 







mi 



(y^i^+z^o^y 



yLto sin i^. {cos^(^— t\)-fM^ sin^(io— ij)} 



and 



tan p = M 



tan (^ •— i-^ 4" tan (^ -f %) 



1 — M^ tan (io~'^i) • tan {\ + ^i) 

. 9^ ,^^ ; . /^^-A {1 + M^ tan--(.o ^ t,)}{l + M^ tan H^o+ h)1 
-r ^o/xo COS lo ^^3 ^ ^^2 |i ^ M^ tan {i, ^ i,) tan (^ -f ^O}' 



tan cr==. M tanC^o^-iO+Vo ^i^ ^o •-^"^'^^^^ (1 + M^ tan^C^o^h)) 



J 



And here 



• * 



^ -^ Ml si^ ^0 - /^o siQ ^^ 



/^l' 



-^^-( 



/U-i^ + /^o 



3 



1 -J" 



/^o/*i 



m, 



11^ 



2 







Til. 



> -> 



/^i + M 2 sin '2^0 sin \ 



as long as sin^^Q > l/^o^ ^^^ ^^^^ H ^ l/^i^. 
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These give, when ^q =: 0, 



W 



/ 



S 



12 ^ 



H'l - H'o 



2 



1 + 4 SVo/^i 



(A - f,,^) (A ^ ;./) + (/.;^^^ - ^,^) (B »- cy 



W - /^o^') 



2\3 



1 _ g3 . (A - fip ') (A - fi,^) + (/^i^ - /.Q^) (B - C) - 

(fh + l^of 



the same as for vibrations parallel to the plane of incidence, as should be the case. 
At the polarizing angle, when {i^ + i^ = — , we have, since then 



M = ^^T-^! (1 + l/2mo^ + l/2mi2), 



K 



3 






+ 8;.3W • (/-i'-/-oT V/.?+/.o^ 



A'«-/^o') + (A-/^^) 



m 







(A-/.„^) 



m, 







(yaoHlVoV+;^T 






1 _ §2 WH^' (A - /.Q^) (A - ;t.i^) + W -f^o') ( B - C) 



2S 



/^o/^i W' - iVy ^W-t^o') + (J^-/^i') '-, - (A -/.o') ^ 



m, 



W+Mo^)' 







m. 



3 



/*oHlWyin*+y(Xi^ 



tan p = — 






(1 — l/2mo2 — l/2m/) 






■A) 






§ 6. Summary of Results, 

We shall shortly summarize those results that are of use for comparing with 
experiment. 



Vibrations perpendicular to plane of iyicidence. Plane of polarization parallel to 
plane of incidence. 

These give the sine-formula of Fresnel, which holds for parallel polarized light. 



(Ell) 






l + 4S^/.of^,cos^oCos^-^^-=^^-^^^-*-(^-^>('^^-^o^>' 



W-N? 



11^ — A 
tan (p II) = 2 S . ju,Q cos ^Q . — ^ ^ 



> 



(VIII., 

p. 840). 
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Vibrations parallel to plane of incidence. Plane of polarization perpendicular to 
plane of incidence. 

These correspond to Fresnel's tangent formula for perpendicularly polarized light. 
Electromagnetic and Contractile Ether Theories, 



(R±) 



1 + 48^. jLtQ/i.^ cos ^Q cos i^ 



2^ tan^(^-%) 

, ,52 . . {A~-^o^---(A~GA/,o')sinH'o}{A-~-/ii2--(A--G/Xi3)sii,3^}- 
+ 4 8>o/xi cos ^o cos ^l -^ r^~~^^~. — p-^ — _oij^ al_^___™..j^ u 



"^ 



tan (p X) = 2 S . juto cos ^o . '^ — —~^ — - . ^ . -^ 



(IJL., p. 
^ 843). 



.^ 



Elastic Solid Theory, 

1 4. §2 (A-/.o^) (A-^/.,^) 4- (/.i^-/.o^) (B-^C) 

sin ?^Q sin i^^ . sin 2^'q sin 2\ . { (/x^^ — fx^Y + ^/^o Vi^ ^^^ 2'2^q cos 2'2^i } 
sin^('2iQ — ^i) sin^ {i^ + ^i) . { cos^(^ — '^^i ) + M^ sin^(^Q —ii)}{ ooB%iQ + i^) + M^ sin^(io + ^1) } 






sin 2% sin 2i^ , \A\ {fi^—fif^) + (A — //,!^) 



m, 



(A-/^o^) 







'??ii 



tan (p ±) = M 



//,Qsin ^Q. {cos^(^— ^i)-hM^sin^ (^— '^1)} {cos^ (^q + ^i) + M^' sin^(^o + %)} 
tan ('2^Q — ^jl) + tan (^ + ^'i) 



1 — M^ tan {iq — i^ tan (^ + '2^i) 



I o S • f^i -^ ^ {1 + Mnan^(^-- ^i)} { 1 + Mnan^(^ + ^Q} 

— I" Z OW/Q COS ^/Q 



/^^ - /^o^ 



{1 — M^ tail (io — %) tan (^ + i^Y 



.(X.,p. 
/ 852). 



^ 



where 



M 



« * 



• f 



fjb^ sm ^Q — fjb^ sm ^1 



M 



3 



W 



I 



/^o/^ 



1 1 



/^o 



Vsin^ ^ — — ^ + A^i \/ sin^ ^^ 



3 



/^i + N' 



1 + 



m, 







mi 



3 



y"'!^ + /Lto^ 2 ^ii^ % ^i^ ^1 



3 



1 . . 1 

provided sin^ h> 'Zl^ ^^^^ h > 



m, 



m 



2 • 



There is a point here which calls for remark^ viz., as to the quadrant in which p X, 
p II are to be taken. Neglecting S, in the equations (V.) of § 5, p. 839, we find the 
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large part of r to be — . yr r., which is negative, so that for parallel-polarized 

light at normal incidence the vibration in the reflected light is opposite to that in the 
incident at the reflecting surface, so that there is a retardation of phase = tt, 
Similarly, the equations (VF.) give for the important part of r for perpendicularly- 

polarized light — — -r- — r^, which is negative at normal incidence, but positive for 

tan ('2'Q + \) 

incidences greater than the polarizing angle. 

We shall suppose R 1 1, R X to be taken equal to the absolute values of the above 
ratios. Then p II will lie between tt and 27r, or between tt and 0, according as 
tan (p II) is + or — , and will differ from tt by an amount of the order S. The same 
will apply to p J., whose difference from tt, however, does not remain of order S, but 
which increases through 3rr/2 to 2n, or decreases through ^v to 0, according to the 
sign of tan (p X). 

The difference p X -— p 1 1 —the retardation of phase of the perpendicularly- over the 
parallel-polarized light— is positive or negative according as tan (p X) is positive or 
negative, and increases numerically from at normal incidence through i ^n at the 
polarizing angle to ± '"" ^t grazing incidence. And the reflection is said by Jamin to 
be positive or negative as the case may be. 

If a ray of elliptically-polarized light be reflected normally from a surface, then the 
difference of phase of the components, and the position of the axes of the vibrational 
ellipse, as well as the direction of its description, are all unchanged in space, but with 
reference to the direction of propagation, and, therefore, also to an observer viewing 
both rays, the position of the axes has changed into one symmetrical to the former 
one, with respect to the plane of incidence, and the ray from being right-handed has 
become left-handed, or vice versd. Thus, there is an apparent change of phase of tt, 
which is called by Jamin ^^tt de retournement,'' and causes him to give the measured 
difference of phase as lying between tt and 27r, instead of between and tt. 

We must also consider the effect of a finite, though large, velocity for the pressural 
wave in the Elastic Solid Theory. We have made no supposition as to the values of 
the m's, the ratios of the pressural-wave velocity to that of light in the different 
media, except that these ratios are large. The ratio mo : m^ may have any value, so 
that the refractive index for the pressural-wave between the two media may also have 

LL """ Lb 

any value. The effect of the pressural-wave is to add to ^^ — ^ a quantity 

1 1 



\/. ^ ^ — XJ ____o_ — __i__. fQ^ moderately-large values of L, such as are used in most 
2 (jjlq^ + jMj^y sm Iq sm % ^ o u» 

of the experiments ; in (R X)^, also, there is an additional term, which at no angle of 

incidence is of magnitude more than comparable with 1/r//^. 

Now m^ is large, perhaps 100, as above, § 3, p. 834. The term in (RX)^ may always 

be neglected ; and at all but very small angles of incidence M be put equal to 
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~ — ^ . This result is in agreement with Green and in opposition to HAUGHTOisr, 

who proposes to make M = —^ r , where n < -^ ^ ascribing it to a difference between 

the refractive index for the pressural-wave and that for light ; but it has been shown 
above that no such difference could diminish n and therefore M. 

The formulae VIIL, IX., and X. can be put into a more suitable form for calculation ; 

the quantities experimentally determined are usually z-r: and pX —pi I. In doing 

so we neglect powers of 8 above the second and make use of Snell^s law 

II 2 IL 

[Iq sin iQ =: fji^ sin i^ and the equations sin {% — i^) sin [i^ + i^) =■ -^ sin i^^ sin i^, 

11 I If « 

and cos (ig — i\) cos (^Q -f" ^i) = 1 ■~" ~ ^ ^i^ h ^^^ h- 

With the same notation for the constants of the variable layer as before, viz., 
cl ^- thickness, 8 = — ~ , \i = refractive index, and A ==^ -r- ^j? (i.T~ mean value of ;it^, 



^ , ^ ., ....^.. ^^ J 







since these enter into the expressions in different combinations, we shall introduce 
a different set of constants, involving A, B — 0, G, J, and d together with /xq, /x^^, and 
defined by the following equations- — 

A ^ 4 {A (/..^ + /.Q^) -- 2;.oV,-- } (A ^ y.,f ^ ^,^ + G/.oV ,^) -I- {(B -^ C) (^{^ + ^,') - W/^ r 1 W ^ f^o' ) 
C -^ P4 y^oVi^ • {(A - f^o') (A - /.,^) + (/.f - /.^) (B -^ C) } /2^^ 



2 



Then the expressions for rr-:- , and /> X — ■ p 1 1 become- 



MR. a. A. SOHOTT ON THE RBFLIOTION AND REFRAOTIOF OF LIGHT. 857 



Electromagnetic and Contractile Ether Theories :• 



R||/ "~ cos2(^-^'i) 



. sill % sin i^ cos io cos % ,3 sin^ ^^ sin^ ii cos 'Iq cos i^ 

1 l |Wll i««» i /^ "'■""""'■ '■ ' ' '"'^•'-' ••' ■ I' .■' Trnin-rf. .11... . . - T MIH.lfiBMI i"% '" '" ' "«■■■■"■ ^""■■■■i -r ■. ■ - ■ i . .. - nm' , . . l .....••. . -"i 

COS (i^ — %) cos (^0 + %) COS^ (ig — %) COS^ {Iq + %)_ 



-. 



tan (pi I) 
tan (pX) 



Dt 
cos^. 







tan (pi I) = E 



sin^ {q cos ^q 



tan (pX — - pH) 



cos (^0 — ^i) COS (iq + ii) 



E sin'^ % cos ^q 



COS (% — ^\) cos (^0 + %) 4- E 



jLL. 



These expressions are true as far as order (P/X^, provided \/27Td > greatest value 
of jjb occurring in the variable layer. 

Except in the neighbourhood of the polarizing angle, tan (pX — pi I) reduces to 



E sin^ i^ cos ^'q 



cos (^'q - \) cos (^Q + %) * 



Elastic Solid Theory. 

Here we introduce subsidiary angles defined by the equations 

tan a = M tan {i^ + iy) tan ^ == M tan (^'^ •— i{), where M 



Mi^ - Mo^ 



fl{^ + /W'o 



3 



Then we have 

'?r!:Y — cos^ /3, cos^ (% + ^^) 
El 1/ cos^ a . cos^ (^0 — ^1) 



1 _ n CQQ^'^- cos^ff.sin^^ Q siii^ % cos % cos ^J* 

cos^ (^Q -— '^1^) COS''' (^Q 4- \) 



■^ 



-0 



tan (p II ) = D . cos i 

tan (p X) — tan (p II) = tan (a + ^) . [1 + D cos i^ . tan (a + /3)] 

tan (pX — p II) = 

or 

cot (pX - 



cot (a + ^) 4- D COS % 



y . (XII.) 



cot^ (a + ^) (1 4. D3 cos2 ^) + D COS ^0 cot (a 4- yS) 4- D^ cos^ ^^ 



'0 



n 1 1) = cot (a + ^) -~ D^ ' -— — -0 — ^_JL^^Jr^L 
'^ V ^ I r-/ I cot (a 4- i8) 4- I) cos t^ 



^ 



* The expression for tan (/)1 — • />!!) inclnsiTe of terms involving (27rdlxy is of the form 

^^ ^i'^^ % cos -^Q 

cos (% — i\) COS (^ +-7^yprT"asm2 ^o 4- ~h^nH^~'7 ) + a' -{• b' sin^ % +TT ' 

a, 6, . . . «', 6', , . . being constants of order {^wdlxy. Since tan (/>X — /jII) is large only in the 
neighbourhood of the polarizing angle I, we may pnt % = I in the small terms, thus obtaining the 
expression in the text. Then 

A — - jU f^^ — jUi^ 4- Gr/i^^/ij^ 

27rd r^ a! -\- h' sin^ I -f . . . 



2/*o 



TCI 



/*/ ~ ^(f 



— 7 



I 4- a sin^ 1 + 6 sin* I -|- . . X 
MDCCOXOIV.— A. 5 R 



F = 



1 4- a sin^ I 4" & sin* I -(-,., * 
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These expressions are true as far as order d^/X^^ provided -rr^l^Ttd > greatest 
value of /x. 

To get some idea of the Hmiting thicknesses of the film, let us compare them with 
soap-films ; Rbhstold and Ruckbr estimate the thickness of a black soap-film at 
aoout '117 X 10~^ centim., that of a film shov^ing red of the 1st order at about 
2*84 X 10"*^ centim. Hence for 

black soap-film X/27rrf is, for line A 10, D 8, H 6 
reel 01 1 Su order > . « « e « ^ , g*, x 

Since the refractive indices of transparent substances lie between 1 and 3, it 
follows that a transition laver to which the above analysis is to be apphcable must 
certainly be less than that necessary to show even a red of the 1st order. 



§ 7. Comparison of Theory ivith ExperimeMt — -Elastic Solid Theory, 
The expression found for the change of phase is by (XII.)— 

tan (p X — p 1 1) ^ ^^?(7+"^y(^^ + /3) + D^coss^o 



O 9 



where tan a =: M tan (4 +h), tan /? = M tan (^ — i^), M = ^\y^ ' ^^^^ ^ ^^ 

a disposable constant. 

The denominator of tan (p X — /) 1 1 ) ma y be written D^ cos^ i^ [f + cot^ (a + /3j] 
+ [cot (a -f ^) + |- D cos ^o]^ and this cannot vanish even to order D^ unless 

Now, a + B= ^w mves cot (4+ h) c<^t ih — h) = M;^ or ---II— ~~--^-~^ = M^ whence 

t^ = sin"'^ . "^jrh — oi\ instead of Brewster's angle ^ = tan""Vi//^o- I^ order that 
we should obtain Brewster's angle it is necessary that M should be only a small 

fraction e of ^-^ , which would give sin^ i^ ^^ ---f — o -—-~~~y~^-;^~^ . This^ as 

/^i^ 4 f^o^ H^i + ^^^ I ^ g3 //fi ^\ 

is well known, was pointed out by HAuaHTON, who thought it possible that a smaller 
eflPective refractive index for the pressural-wave would lead to such a value of M, but 
the rigid theory developed above, which includes the most general theory possible, 
according to VoiGT, without absorption, shows that any alteration in the refractive 
index for the pressural- waves consistent with keeping their velocity of propagation 
large could only produce a very slight change in the value of M— and that an 
increase — except at very small angles of incidence. It is clear then that a rigid 
Elastic Solid Theory cannot explain the change of phase at reflection. 
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Electromagnetic and Contractile Ether Theories. 

Here the expressions (XT.) for the amplitude and change of phase at reflection 
contain four constants A, B, E, F, of which the really effective ones are B, E, The 
constant A in the expression for the ratio of the amplitudes is multiplied by 
cos (% + h)? and thus is ^v^'ithout effect at the polarizing angle^ at which the deviation 
from Fresnel's formula is most marked. A cannot therefore be determined with 
any great accuracy, seeing that a considerable change in its value produces only a very 
slight effect on the result. In some cases it may be put = zero without impairing 
the accuracy of the formula. 

The same considerations apply to the constant P in the expression for the phases. 

The other two constants B, E ought to satisfy the condition^ E^ = ~^ . B, As regards 

accuracy of determination the order of the constants is E, B, F, A. 

The experiments discussed are those of Jamin on solids and liquids (see his two 
paperSj 'Ann. deChimieet Physique/ serie III., 29 (1850) and 31 (1852) ; a series for 
flint-glass by Kuuz (' Pogg. Ann./ 108), and some of Quincke's (' Pogg. Ann.,' 128)). 
Of these the experiments of Jamin are much the best, and are almost as well repre- 
sented by the empirical formulae of Cauohy as by the theoretical formulae found above. 
This might excite surprise — seeing that Cauohy's formulae involve only one independent 
constant, the ellipticity e—did we not remember that of the three independent 
constants B, F^ A (E of course is not independent), two, F and A, do not have 
much influence on the result. The experiments of Quincke are the most irregular, 
but they are of interest because Quincke investigates the reflection in each other 
from, the bounding surface of pairs of media. Of these I have only taken those in 
which there are ten or more different determinations, where there is some chance of 
the constants being accurately determined. The experiments of Haughton (' Phil. 
Trans.,' 1863) I have not had time to consider, but, with but one or two exceptions, 
his series consist of too few determinations to allow of an accurate determination of 
the constants. 

In all the above cases measurements were made of the difference of phase, by means 
of a Babinet's compensator, directly, and of the ratio of the intensities, indirectly. 
The polarizer was placed at a large angle a with the plane of incidence, so that in 
the incident beam the component polarized perpendicularly to the plane of incidence 
is of great intensity relative to the parallel component. The azimuth /3 of the 
reflected light was determined. Then E X/E 1 1 is given by the equation E X/E 1 1 
= tan m = tan ^/tan a. By this means the determination of zs- is rendered more 
accurate, firstly, because the absolute error in m is made much less than that of /3 
owing to the largeness of tan «, and secondly, because the determination of ft is 
itself more accurate, the intensities of the components in the reflected light being 
more nearly equal. 

5 B 2 
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In combining the experiments I have assumed as a first approximation that the 
accuracy is the same for all values of 8, the difference of phase, and likewise for all 
values of /3. In strictness this is not true, since the accuracy of the readings is 
greater the more nearly equal are the intensities of the two components of the 
reflected light. But as /3 in most cases ranges from above to below 45^, the 
assumption will be sufficiently true to give values of the constants not far removed 
from their most probable values. 

The sets of constants A and B, and F and E have in each case been determined 
independently by making the sum of the squares of the errors in a and /3, 
respectively, a minimum. 

We have by (XI.) 

tan 8=. EsinNoCOB^o 



COS (^ — %) COS (^ + tIj) + F 



2 cos^ (^ + ^i) L A ^■^""" '^0 ^^^ '^1 ^^^ '^o ^^^ \ ^^^ (h + ^) _„ T) ^^^^^ ^ ^hi^ ii cos '^Q cos \ __ tan^/^ ^ 

^ "~" cos^ (h—h) cos^ (h-'h) "~^ cos'^ (^ — '^i) "~ ^^^^^ ^ 

Let S, ^ be the true, S\ ^' the observed values^ and let Sq, /3q be approximate 
values, given tentative values Aq, Bq, Fq, Eq of the constants. 

Let A = Aq + a, B = Bq + &, F = F^ +/ E == E^ + ^, ct^ b, / e being small 
quantities to be determined by the conditions 

t (S' — 8f = minimum, S {/3' — ^f = minimum. 

Then, substituting for 8, ^ then^ values ^o + J ^^^ + ^dE' ^^ "^ ^ 3^ "^ BB ' 
in the equations 

and measuring 8' — S ^' — 1^ in degrees, we obtain, neglecting squares of small 
quantities — 

•^ ^ Uk + ^^ Uk laE J - ^ 180 • UJ 







'•^(|)(l)+«(atT=^'n-™«(l.;. 
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and here we may, in the coefficients, replace Sq, ^q, by 8\ ^' wherever convenient. We 
thus find 



M'i)- 


1= -— 


Eo sin^ h' 
sin^ Iq cos i^ 




~ sin 


h' cos S', 


. /9/5o\_ 


— • rtrA- 


/Q' r»^a3 Q' 



2 cot^ a.i^M = cot ^' . cos^ /3' . ^i" ^ ^^"^ % 2^iLgg^JL£^^±Ji) 
\dAo/ cos^ (^o — ^^) ^ 






2 cot^ a . ■— = cot p . cos^ p . T-~ TT . 

\3Bo/ "^ "^ cos^(^o~-%) 

This is the method used in most cases, but in the more inaccurate experiments it 
was easier to find the sums of the squares of the errors for several pairs of values 
of the constants, and thence, by a kind of interpolation, to find the best values of 
the constants. 

Since the values of E, B are determined independently, the nearness with which 

they satisfy the relation E^ = -^ B will serve in some measure as a test of the 

formulsG. 

I have for comparison given the deviations from Cauchy's formulse, calculated witli 
the given value of e by the experimenter himself. These run roughly parallel 
with the deviations from the theoretical values, and where there seemed any very 
great deviation from parallelism, I have recalculated the results of Cauchy's 
formula. For instance, Jamin, for fire -opal, gives incorrect values for RX/RII 
{his J/I). On recalculating from the given values of yS, some of his values are found 
to be the square roots of what they should be. 

As an index of the accuracy of agreement, I have given the probable error of a 
single observation, as calculated by the formula i '6745 v^(S/n — 1), where n is the 
number of observations, S the sum of the squares of the errors. 
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§ 8. Jamin (^ Annales de Chimie et de Physique/ 11!^^^ Serie, tomes 29 et 31). 



Realgar — Air (29, pp. 292 and 295). 



IX = 2-454 ; A = + -0254, B = '06989, F 



•0022, E=+-1565; €=:+'0791. 
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• • 


• • 


• • 


» » 


•025 


•036 


-•010 
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Probable error . 


• * • . 


±20'-82 


±2r-96 


e a 


s • 


+ •0054 


±•0071 



* The observations marked (*) have been recalculated. For the first, Jamin calculates 8° 9', giving 
an error of + 21, wMch is clearlj too small. Recalculation gives 7° 9', witb. an error V 21'. The 
second, Jamin misprints 11° 30', but he gives calculated 12° 42', difference — 12', showing that it should 
be 12° 30', which is confirmed by the entry A (azimuth of small axis of vibrational ellipse) =» 13®, 3 is 
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given in fractions of ™ 
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Diamond — Air (29, p. 297). 
fju = 2-434; A = - -0183, B = -00353, F = - -00045, E = + -03577; e = + •0180. 
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000 


61 





59 


15 


10 


1 


10 


10 


- 9 


16 


042 


040 


+ 


002 


+ • 
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ible error . 


• c 


• • 


+ 9'-10 


±lV-84 ' 


• * 


• • 


+ •0038 


±•0042 



* Jamin has iQ-=i67'' 55', wMch is a misprint, since Jamin's own calculation of ^ with i^:=i67'^ 55' ought 
to give ^ = '598, vrhilst i^ = 67° 45' gives '538, the actual number in the table. 
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Blend—Air (29, p. 296). 



(^ 



2-371 ; A=: +-0275, B = '01180, F 



•00060, E =: + -06713 ; e = + -0296. 
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+ •0040 


-f0046 



Flint— Air (29, p. 298). 
11 3= 1-714 ; A = - -0317, B + -00260, F = + -000094, E = + -0339 ; e = + -0170. 
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Fire-opal— Aw (29^ p. 279). 



[jL= 1*623 ; A 



•0040, B = -00594, F = + *000063, E =: + -0625 ; 
e = not given. 
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Hyalite— Air (29, p. 281), 
/x = 1-421 ; A = '000, B = -00040, F = + -00026, E = - -0150 ; € = - '0074. 
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/* = 1-487; A 



Glass-— Air (29, p. 299). 
•0064, B = -000296, F = — -00030, E = + -0154 ;€ = + -00752. 
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* Jamin gives '985 instead of "975 ; but the difference (Cauchy) '002 given by Jamin shows that 8 is a 
misprint for 7 ; in any case it does not make much difference. 



Fluorspar — Air (29, p. 300). 
/i. = 1-441 ; A = + -0043, B = "00080, F = + -00104, E = 



•0202; e 



-00969, 
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Essence of Lavender — Air (31, p. 173). 
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Distilled Water— Ai7* (31, p. 174). 
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Ferric Chlofide Solution l — Air (31 yip. 175). 
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Glass in Water (31, p. 184). 
IJ. ^ M15, A = -000, B = -0020, F = - '00107, E =: + '0390, e = + -02078. 
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Glass in Ferric Chloride ^ (31, p. 185). 
Il::^ 1'091; a ^ + '0200, B =: '00080, F =^ +'000104, E= +'0278; e^ + '01355. 
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§ 9. Ktjrz (' Poggendorff, Annalen/ Band 108, p. 588). 

Glass in Air. 
fi = 1-5963; A ='000, B = '0085, F= - '00016, E = +'074; e = -0865. 



■ — ^ — __™ 


observed. 


w 

cal- 
culated. 


Differ- 
eiice. 


Differ- 
ence, 

Fbisnil. 


Differ- 
ence, 

Oauohy. 


. X. 
ol)8erTed. 


a 

cal- 

ciilated. 

•981 


Differ, 
ence. 


Differ- 
ence, 

Oauchy. 


Differ- 
ence, 

G-BE.IM. 


o / 

75 


o 

23 


10 




25 


42 


O 1 

2 32 


O i 

2 28 


o i 

-2 28 


•991 


+ •010 


+ •007 


+ •001 


73 


21 


54 


22 


52 


68 


-0 58 


^0 m 


•991 


•977 


4-^014 


+ •014 


+ •011 


71 


18 


9 


20 


1- 


-1 52 


~1 45 


1 45 


'986 


•972 


+ •014 


+ •014 


+ •011 


69 


. 15 


41 


17 


6 


1 25 


-~>1 24 


-1 17 


•985 


•966 


+ •019 


+ -019 


+ •016 


67 


12 


26 


14 


8 


-1 42 


1 42 


->1 33 


^ -975 


•957 


+ •018 


+ •017 


+ •014 


65 


9 


54 


11 


8 


-1 14 


1 02 


--1 22 


•961 


•944 


+ •017 


+ •016 


+ •013 


64 


9 


42 


9 


38 


+0 4 


+0 18 


■4-0 4 


•953 


•935 


+ •018 


+ •018 


+ •014 


63 


7 


7 


■8 


8 


~~l 1 


-O 45 


-1 1 


•933 


•922 


+ •011 


+ •011 


+ •007 


62 


6 


34 


6 


38 


4 


+ 15 


4 


•916 


•903 


+ •013 


+ •012 


+ •008 


61 


4 


56 


5 


11 


--0 15 


+ 11 


15 


•882 


•875 


+ •017 


+ •007 


+ •003 


m 


4 


1 


3 


47 


+0 14 


+0 49 


4-0 14 


- -856 


•825 


+ •031 


+ •031 


+ •028 


59 30 


3 


8 


3 


9 


-0 1 


4-0 42 


1 


•818 


•784 


+ •034 


+ •034 


+ -031 


59 


2 


31 


2 


35 


4 


+ 52 


5 


•732 


•725 


+ •007 


+ •007 


+ •005 


58 BO 


2 


10 


2 


"10 





+ 1 17 





•603 


•641 


-•038 


•034 


•035 


58 


1 


58 


1 


58 





4-1 52 





•503 


•526 


•--•023 


--•026 


•027 


57 30 


2 


^■2 


2 


4 


2 


+ 1 22 


3 


•393 


•406 


•013 


•000 


•000 


57 


2 


13 


2 


25 


12 


+ 46 


13 


•818 


•307 


+ •011 


+ •016 


+ •015 


56 30 


2 


54 


2 


56 


-0 2 


+0 42 


2 


•217 


•237 


•020 


•016 


-019 


56 


3 


2 


3 


32 


30 


+ 3 


31 


•219 


•189 


+ •030 


+ •034 


+ '030 


55 30 




38 


4 


11 


33 


7 


34 


•181 


•156 


+ •025 


+ •028 


+ -024 


55 


4 


21 


4 


53 


~~-0 32 


10 


32 


'151 


•132 


+ •019 


+ '022 


+ •018 


54 


5 


49 


6 


17 


-0 28 


12 


29 


108 


•100 


+ •008 


+ •010 


+ •006 


53 


6 


56 


7 


44 


48 


-0 35 


-0 48 


•091 


•080 


+ •011 


+ •013 


+ •008 


52 


8 


51 


9 


10 


19 


9 


--0 19 


•073 


•067 


+ •006 


+ •008 


+ •003 


51 


9 


50 


10 


35 


45 


~0 38 


---0 46 


•067 


•056 


+ •011 


+ •012 


+ -007 


50 


11 


39 


12 


1 


-0 22 


-0 15 


-0 20 


•055 


•048 


+ •007 


+ •007 


+ •002 


48 


14 


9 


14 


47 


38 


-0 33 


-0 38 


•051 


•038 


+ •013 


+ -014 


+ •009 


46 


16 


28 


17 


28 


1 


™~0 56 


-1 


•038 


•030 


+ •008 


+ •008 


+ •003 


44 


18 


54 


20 


1 


1 7 


1 5 


-1 7 


•035 


•025 


+ •010 


+ •011 


+ -005 


42 


22 


16 


22 


27 


~0 11 


-0 10 


-^0 11 


•032 


•021 


+ •011 


+ •012 


+ •006 


40 


24 


51 


24 


45 


+0 6 


+0 7 


4-0 6 


•031 


•018 


+ •013 


+ •014 


+ •008 


38 


27 


. 


26 


53 


+0 7 


+ 8 


4-0 4 


• » 


• • 




• « 


• <• 


36 


28 


49 


28 


54 


-0 5 


4 


10 


• • 


• ♦ 




• • 


« '» 


34 


29 


44 


30 


51 


-1 7 


~^1 6 


-1 7 


• « 


♦ « 




« • 




32 


33 


35 


32 


36 


+ 59 


+0 59 


+0 56 


• • 


« • 




» *- 




80 


34 


3 


'34 


13 ■■ 


-0 10 


-0 10 


11 


• • 


• • 




jt * 


• • 


Pre 


^baWe erroi 


r , 


« • 


+34^-50 


+37'*98 


-4-34''46 


• • 


• ft 


±•0056 


+•0058 


±•0051 



872 MR. G-. A. SCHOTT ON THE RBPLEOTIOlSr AND REFRACTION OF LIGHT. 



§ 10. Quincke (' Poggendorff, Annalen,' Band 128). 



/x— 1-6160; A 



Flint-glass m J! ^V (128, p. 367). 

•0625, B = '00533, F = - '00070, E = + -0562 ; e = + '0290, 

/ = 1-609. 
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^' Eecalculated ; Quincke lias + 16, whicb is obviously wrong. 

1 have given h in fractions of |-\ as in the previous experiments ; Quihcke Himself gives it in 
fractions of |X. 

^L is tbe valne of /t Quincke finds it necessary to ose for calculating liis experiments by Cauchy's 
fonntilaj in order to obtain any satisfactory agreement witb tbat formula whatever. 
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Air in Flint-glass (128, p. 368). 
IX = 0-6188 ; A = + -0667, B = -0050, F = + -00144, E = — -0861 ; e 



•0505. 



• 




H 


• 


o 


/ 


33 


68 


33 


22 


32 


47 


32 


'29 


32 


12 


31 


59 


31 


51 


31 


48 


31 


36 


31 


18 


31 





30 


43 


30 


25 


29 


50 


29 


16 


28 


41 



13 


• 


O 


1 


45 


21 


34 


12 


24 


41 


17 


30 


13 


2 


9 


5 


6 


19 


6 


51 


10 


8 


14 


25 


19 


46 


24 


47 


31 


16 


43 


56 


48 


30 


55 


10 



w 


t 


w 


observed. 


calculated. 


o 


/ 


o ; 


10 


7 


9 26 


6 


50 


6 33 


4 


38 


4 8 


3 


11 


2 58 


2 


20 


2 1 


1 


37 


1 32 


1 


7 


1 26 


1 


13 


1 28 


1 


49 


1 47 


2 


36 


2 40 


3 


38 


3 42 


4 


39 


4 41 


6 


■ 7 


5 45 


9 


38 


7 49 


11 


16 


9 41 


14 


13 


11 35 



Probable error 



Differ- 
ence. 


Differ- 
ence, 
Oauchy. 


8 ^ 
1 J cal- 
observed. ^ , ^ 
ciliated. 


Differ, 
ence. 


Differ- 
ence, 
Oauchy. 


O i 

+ 41 


+ 50 


•919 


942 


-f ^023 


4- '018 


+ 17 


+ 11 


•905 


921 




016 


+ -005 


+ 30 


-f 26 


-•866 -• 


878 




012 


- •004 


+ 13 


+ 6 


--•809 


829 


+ 


020 


- •OOl 


+ 19 


+ 7 


-•730 - 


742 




•012 


- -015 


+ 5 


10 


•614 


'610 




'004 


- -023 


_ 19 


- 36 


-•498 ~ 


498 




000 


- -005 


15 


30 


-•454 - 


454 




'000 


•000 


+ 2 


10 


286 


305 




019 


+ ^037 


- 4 


9 


•243 


181 




'062 


- -037 


- 4 


5 


•121 


'124 




'003 


4- -023 


2 


- 3 


-•082 - 


094 


-j- 


012 


+ -030 


+ 22 


+ 24 


•064 


074 




•010 


4- -025 


+ 1 49 


■f 1 56 


•028 


•052 


__ 


'024 


+ -037 


+ 1 35 


+ 1 41 


•020 


'039 




•019 


+• -030 


+ 2 38 


H-2 45 


•015 - 


031 


4- -016 


+ -021 


±38'-64 


+4r-24 


• • 


• • 


rf0288 


±•0320 



Flint-glass in Water (128, p. 372). 



fx = 1-2096 ; A = + -1667, B = -0120, F = + -0127, E = + -0737 ; e = + "041, 

ix' = 1-2312. 
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Water in FUra-glass (128, p. 373). 
/x = 0*8267 ; A = - '20, B = '0100, F = ™ •0J23, E = - •0751 ; e = - -052. 
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Croivn-glass in Air (128, p. 375). 

(1= 1-5149; A = - -0300, B= -00040, F = - -00283, E = + -0113; e:= + -00502, 

/a' =1-510. 
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Air in Crown-glass (128, p. 376). 
fi = 0-6601 ; A = - -0667, B = -00111, F = - -00583, E - - -0250 ; e = - -0173, 
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The expressions for A, B, D, E are given on p. 856. Considering the values of A, 
B — - c, G, J, given on the same page, we see that A, a do not change when the 
two media on either side of the variable layer are interchanged. B — c merely 
changes sign, and J does the same — this is evident from the physical meaning of J ; 
we have to take an element P and another element Q, form the expression 

~~ ^5 multiply by the product of the elements, and then sum, first, for all 

elements Q on that side of P from which the light comes, and, lastly, for all the 
elements P of the film ; calling the result j, j\ according as the light comes from one 
or the other side of the layer, clearly in forming the sum J + j' we must sum 

'-^~ — ~- for all elements Q and for all elements P, hence J + j' vanishes, since the 

two elements of the integral for any two points P, Q destroy each other. 

An inspection of the values of A, B shows that they should have the same values, 
whether the light comes from one side or the other — provided, of course, the layer 
remains the same. 

As for D, E — D becomes + 2/x, — -— — ^-~ . --- E becomes 

It has already been stated that B, E are not inde^pendent constants ; by theory we 
have B = -^ • El 

A comparison of the values of B and /xE^ as given in the table, p. 876, shows that 
this last condition is, with few exceptions, very nearly fulfilled. The chief exception 
is in the case of essence of lavender, where B is '000027, whilst iiW is '000065, but 
this is sufiiclently accounted for by the smallness of B, and the consequent smallness 
of m and /3, which makes a small error in the determination of /3 important relatively 
to the magnitude of B. The large differences in the last four pairs in the table on 
p. 876 may be due to terms of the third order in E, but these sets of experiments are 
not very accurate, the contact of liquids and solids being irregular in character. Of 
the two constants, E is determinable with much the greater accuracy, since the 
variations from Fresnel's formulae, which are given by all the constants = zero, are 
much greater for the phases than for the intensities, but it is not easy to say what 
weight should be attached to each determination. I myself should prefer to rely 
solely on the value of E, and thence calculate B ; this will not very much alter the 

values of tan^ tc, which are chiefly determined by the values of —~^ t- . This is 

confirmed by the experiments of KuRZ on flint-glass in air (p. 871), where Fresnel's 
formula is seen to give nearly as good a representation of the intensities as the 
theoretical formula and that of Cauohy. 
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The only experiments beariDg on the relations between the constants for reflection 
from either of several pairs of media are tbose of Quincke for flint-glass — air, flint- 
glass — water, and crown-glass— air. These experiments are very irregular, as shown 
by the very large '*' probable errors " occurring m all except the first. Quincke 
himself admits that he could not attain to the accuracy of Jamin and even of Kubz, 
and, as already stated, in order to make Cauchy's formulse fit at all, he has to use a 
difierent value of [jl froDi that which is determined in the ordinary way. For 
instance, for flint-glass — air he uses 1*609 in place of 1*6160, for flint-glass — water 
1*2312 in place of r2096, and for crown-glass— air 1-510 instead of 1*515. He gives 
several other sets of experiments in addition to these, but they consist of few 
observations and are very much more unreliable still. 

As stated above (p. 877) A, B should be the same for the two sets of experiments 
on each pair. In the case of A this is certainly not true. For flint-glass— air and 
flint-glass — water they are of opposite sign. The determination of A depends almost 
entirely on the extreme terms of the series of observations, for it is multiplied by 
cos (^Q + h)j which is very small for the middle terms. Now the extreme observations 
in these experiments of Quincke's show very large errors indeed, in some cases of 
more than a degree in m, and are not to be much relied upon. The entire extinction 
of A would not make a difference of more than a few minutes, and if we decide to 
retain it, little stress can be laid on its not satisfying the theoretical conditions. ^^' 

The case of B and E is much more important, as the deviations from Fresnel^s 
formula depend on them to a first approximation. 



'^ On the Accitracy tuitJi loMch the Gonstcmts are determined. 
The expressions on p. 860 give 

dw sill in sin i, cos % cos i^ o dt^ sinHn muH, cos 4 cos i, o 4, 

= y. — — _L_ H ___i COB" tr, ~^^^ = ^^ i^ !^ -^ COS-' w , cot w, 

oA 2 cos^ (^0 ■— ij oB 2 cos^ ('% — ii) 

^ sin^ S dS _ sjn 2^ 

3F ~~ Rin%QCos% 3E 2E 

Let us consider the effect of small errors of 10' in w, and of f/X in B, say for a glass such as that used 
bj KuEZ (p. 871) at an angis of incidence of 60°. For this angle ^ is about 4^\ 8 is about ifX or 150"". 
We find 

1^ =: -125, 1^ = -915, 1^ = -» '667, ^ - -5-85, 

3a 8b 9p dE 

dw^ dS being measured in radians. 

The circular measure of d^w - 10' - is '0029, that of dh - '010 of ^ or 1° 8' - is 'O^OO. 



Thus, 
and 

Thus, 



fi-zcT = 10' cGuld be produced by t^A = '023, or by dB =-. -0032, 

dB = Y^o of "IX could be produced by (IF = — '030, or by dE = — '0035. 
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Reflection 


from flint-glass in air 


B=: 


= -00533, E=: 
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air in flint-g^lass 
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:3int-glass in water 




•0120, 
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water in flint-glass 




•0100, 


— • 




?? 


crown-glass in air 




•00040, 


+ • 




;j 


air in crown-glass 




•00111 


— • 



The values of B, E for the three pairS; are 

•0562, /x^E = + •ODOS 

•0861, ~ •osei 

•0737, + -1186 

•0751, - ^1004 

•0113, + -0171 

•0250, - -0250 

Plere /x^, of course, is the absolute refractive index of the second medium. It will 
be seen that the relations B = B' and /x^E = — (/x^^E)' are satisfied with fair accuracy 
for the first two pairs, whilst for the third they are only of the same order of 
magnitude. 

According to Cauchy and Jamin the ellipticities e, e in such cases ought to 
satisfy the relation — e'/e = /x^//x']^. These ratios ■—• e'/e are 1^741, 1^244, and 
3*446 instead of 1*616, 1^210, and 1^515, and the agreement is less than for our 
theoretical formula. 

Of course it has throughout been assumed that the nature of the film of transition 
is the same in both sets of experiments. The outstanding difference from agreement 
may possibly be due to a change in the film. Drude (^ Wied. Ann.,' 38, p. 35) by 
observations on cleavage faces of calc-spar has shown that there is in that case a 
gradual change in the elliptic polarization during exposure, so that part of the effect 
at least must be ascribed to condensed air or dust, and it is quite possible that such 
a layer would be affected by atmospheric conditions. 

Without some assumption as to the law of variation of refractive index in the 
layer, there is no relation between the constants for sets of media other than 
those given above. Theoretically Cauchy's constant e^^ for reflection from medium 



(1) in medium (2) should satisfy the equation --- -f- '^ 



fl3 



€, 



31 



-|- "^ = 0, but this is very 

/^3 



and 



A is determined with an accuracy only abont -]■ that of B, 
P ^ E 



JJ 



5) 



In the experiments of KuRZ just quoted, the *' probable error " of w is about 35'', that of ^ about '0060 
of ^X. Hence, in this case the accuracy for B is only about •0021/'0112, or y\- that of E. 
But in most cases the disparity is not so great. 

The last constant F is of the second order in , and in most cases is only from Y^^jyth tOg^oth of E ; 

X 

the exceptions being fluorspar— air ^V? essence of lavender — air }, and flint glass — water and crown-glass 



an^ 



5 4 



^. In the case of essence of lavender B is very small. The last four pairs involve the most 
inaccurate measurements of all those considered. The effect of F is to make the polarizing angle difer 

from Brewster's angle by an amount 2 ^ F radius or ^ ¥ degrees ; this for realgar is about -1°, for 

flint-glass — water about If", for most other substances xV° or so. As it is unlikely that the polarizing 
angle can be determined with an accuracy of 1 minute of arc, it is clear that F is known only roughly. 
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far from being the case. In so far as no such relation exists for our theory^ it has the 
advantage over Cauchy's. 

Let us now consider the values of D, E in greater detail ; by p. 836 the values of 
these constants are, leaving out of account terms in {2TTd/Xy, 

D- 2^0 . ^^TTT^. • "r ' ^^ - - 2/^0 ^:r^ ^ ' 

where A, a are the mean values of /x^, ~ for the variable layer respectively. 



We have 



^ - /^o^ - /^i^ + ^i^oW = -;?•[ (i^- ^:r)(i^ - ^r ) ^^''^' 



d 



\ M / \ M 



/x -— ^^j ( j!x ■— ^^ ) vanishes, when [m := jjl^ or /x^ (of course values of /x < + 1 <^'io 

not occur), it has an algebraic minimum -— (/x^ — /Xq)^ for the value of /x = \/(i^ii^o)> 
is negative for values of jtx between /Xq and ja^, is positive for values either less or 
greater than both /Xq and /x^. 

Hence if /x for the variable layer lie between /xq and /x^, A — jx^^ -— /x^^ •+ ct/^oVi^ 
is certainly negative, if outside those limits, certainly positive. In any other case 
nothing can be said a priori as to its sign, unless indeed the law of variation of /x in 
the variable layer be given. 

If then /x lie between /Xq and /x^, E will be positive or negative — and the same will 
be the character of the reflection in Jamin's sense— according as the first medium is 
the more refractive or the less. And the reverse holds when /x is outside the given 
limits. 

Now Jamin's and the other experiments show that the reflection is in most cases 
(but not in all) positive or negative according as /XiZ/Xq is greater or less than 1*46. 
In these cases, we are at liberty to suppose that for positive reflection, that is, 
when (JLilfiQ > 1*46, /x for the film < /x^, and that for negative reflection, when 
/xi//Xq < 1*46 (but > 1) /x for the film > /x^. This shows that when the second 
medium is air (as is tacitly assumed by Jamin, otherwise the critical value might be 
difierent), the refractive index of the films is, for some parts at leasts > 1*46, and 
less than 2*5 or so, or perhaps we ought more properly to say that the average 
refractive index is between those limits. Kundt has shown that the refractive 
index of colcothar, or red oxide of iron, which is a common polishing material, is 
about 2*66 ; that of chalk, I suppose, would be of the same order of magnitude as 
for calc-spar and arragonite, that is, about 1*5 — 1*6. A glass surface, with lumps 
of such polishing material embedded in it, might be expected to behave as if coated 
wdth a film of average refractive index between 1'5 and 2*5, and thus certainly give 
positive reflection. Of course it has not been proved that /x for every part of the 
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film must lie between the above limits, this is only a sufficient, not a necessary 
condition. 

There is another point to be considered^ the magnitude of 27rdjK, It was shown 
(p. 857) that if 'Iwd/k be less than the reciprocal of the greatest value of (x for the film, 

the expressions found will be convergent. It follows that | D [ < <^ - i 



E j < 



2fjLQ A + A^oWC^-^(/^i^ + Mo^) 



LL XUcl A * Lt'i '~-^f^ r^O 



P 



/jb max. iju^^^Pq" 

These are the limits which the absolute values of D, E must not exceed. Consider^ 
for instance, the case of water-flint-glass, for which /i^= 1*336, /jtQ=l '61 6> | E [ = *075. 

If ju, lies between ^i and /xq, then fx max. = fx^-^ 1*616 ; the greatest numerical 
value of A — [j.Q^ -— /Xj^ + G^/^oVi^ occurs for /x = \/(/Xq/x2) throughout, and is (/xj — • /x^)^ 
(see p. 880) or ('28)^. The greatest value of /x^^ -^ A is given by /x = /Xq and is therefore 
/Xq^ — ixi^ Hence we must have 



-n 2 X 1-616 

' 1"616 



l uM - tmim 



2 X 1-616 ^ (28y -28 

"^ 1-616 " * (1-616)3 -. (l-336)2 < 2 X ^Tgg 



190. 



If /x > /Xq, /x max, = 2*67 (about the greatest value of /x known for a transparent 
substance), the maximum of /Xj^^ A is (2*67)^ — (1*336)^ that of A — /xq^ — /x^^ + G^/^oVi^ 



is H2-67 



(l-616y 

2^67"" 



2-67 



(l'336y 
2-67 



Hence 



5 ^ , ^ 2 X 1-616 (2-67)2 .-. (1-336)2 3-232 5-35 ^ ^, 



2-67 (1-616)2 -~ (1-336)3 ^ 2-67 0*83 
^^ 2 X 1-616 1(2-67)2 - (1-616)2} {(2-67)2 -^ (1-336)2} 3-232 4-52 x 5-35 



2-67 



(2-67)2. {(1-616)2- (1-336)2} 



2-67 713 X 0-83 



These expressions show that it is possible (or at least probable) to satisfy the 
conditions for convergence by conceivable values of /x for the layer. And since these 
upper limits for | D | , j E | are much wider on the second supposition, and rather 
close to the actual values of I D 



,^ I E [ on the first supposition, there is a very 
distinct presumption in favour of the second, namely, that the average value of /x for 
the variable layer is greater than 1*6 16 (and less than 2*67). Quincke does not state 
whether his reflecting surfaces were polished with ferric oxide or not, but this is a 
common enough material. Emery also has a higher refractive index than 1*616, 
so also diamond dust, and some one of these would perhaps be used, chalk or sihca 
being hardly hard enough for the purpose. 

* The retardation of phase of light polarized in the plane of incidence is tan~i (D cos %). Werntcki 
finds that this retardation is at most a few thousandths of a wave-length, so that D is probably less than 
•01, and quite incapable of reasonably accurate measurement. 

MDOCCXOIV.^ — ^A. 5 U 
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It has already been pointed out (p. 858) that the above supposition would give 
a value of cl less than that for the red of the first order of thin plates, so that 
no colours of thin plates are to be expected. The constants A, . . . , of course vary 
with the colour, but their effect, in any case, would not equal that due to variation of 
ii, and therefore of cos {iq + t\) and cos (% -™- h)- 

[Owing to the secondary importance of the constants A, D, F, and the impossibility 
of measuring them accurately, it will be necessary to take account only of E in dis- 
cussing the hmitations to which any law of variation of the refractive index /x in the 
variable layer is subject. In any particular case, the law must be such as to make /x^ 
continuous in value throughout the layer and equal to ix^ and fjbi at the two 
boundaries ; and to give to E its experimental value by a sufficiently small choice of 
the thickness of d of the layer to ensui^e convergence of the series for the displacements. 
Besides, i^? must nowhere be less than I, and nowhere greater than about 10, this last 
representing the greatest value of /^^ known to exist for a transparent substance.. 

The law of variation must involve at least two disposable constants in addition 
to cL 

If the law is to be a general law, so as to include every known case, then it must 
be capable of making E positive and negative, corresponding to positive and negative 
reflection. That is, jj? must be capable of maxima or minima. For example, the law 
of variation discussed by Lord Rayleigh ('Proa Lond. Math. Soc./ XI., p. 51) vv^ill 

not satisfy this condition. In this case, we have ft = '^^^"r^^ x being the distance 

1 

a 

irom the nrst race oi the variable layer : this skives - = , Jii = s/x^ — ; ■. r-— , 

which is always positive wdien the second medium is the more refractive. Hence, 
Lord Rayleigii's law will only explain positive reflection. 

If the first medium have a refractive index 1, then [i^ must have a maximum to 
give negative reflection. 

If the second medium have a refractive index equal to the upper limit, that is 
3 or so, then ju,^ must have a minimum in order to give negative reflection. 

In addition the general law must make E vanish, that is, fi.^ + /Xq^ = A + /^oVi^ ^^ 
when [Iq = 1, /x^^ = 1'46 or so, in order to explain Jamin's results. 

It follows from Gladstone and Dale's experiments, and others of the same kind, 
that the law of variation of (jl^ ma^y be of the same form as that of the density. The 
effect of capillary forces will be to make the density vary near the surface of a liquid, 
possibly also of a solid. A somewhat problematical investigation of the law of 
variation of the density in the transition film between a liquid and its vapour is 
given by J. Clerk Maxw^ell, in his article on Capillary Action, in the 'Encyclopaedia 
Britannica' (9th Ed.), which gives the density of the variable portion an exponential 
function of the distance from the surface. If such a law represent the actual 
circumstances, then negative reflection must be ascribed to adventitious films of dust 
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or condensed gases. It is worth noting that water, which gives strong negative 
reflection when its surface is covered with grease to even a small amount, when 
perfectly clean shows hardly any elliptic polarization by reflection (Lord Rayleigh,* 
RoNTGENt). Again, various specimens of glass, whose surfaces have been repeatedly 
cleaned by a method due to Wernicke, of removing the polishing material by an 
adhesive coating of gelatine, show much greater positive reflection than when polished 
with oxide of iron or oxide of tin (Wernicke, ' Wied. Ann,' 30, p. 402, and K. E. F. 
Schmidt, ' Wied. Ann.,' 51, p. 417, and 52, p. 75). It is clear that the effect of a 
highly refractive surface film, either of gr'ease or of polishing material, is to produce 
negative reflection which is superimposed oa the effect due to a gradual transition 
between the ether inside a body and that outside„ This latter we should expect 
to depend on the same causes that produce dispersion and absorption (Schmidt, 
loG. cit,y p. 89). Dispersion is taken account of through the refractive index. The 
absorption effect can be conveniently treated by supposing the refractive index every- 
whei-e complex of the form /x(l + te). The distance in which, by absorption, the 
amplitude is reduced to 1/e of its original value is X/2'?r/jt€. In a metal this distance 
may be as little as TcHJot-h of a wave-length, in a very transpaxent substance such as 
glass it may be as much as 100,000 wave-lengthso These values would give 
e = about 100, about r.oHoTooo respectively. In the one case € is large, in the other 
it is very small compared with 2rrdj\ which must be less than yo. In considering 
such substances as glass, we may take account of quantities of order e, but may 
neglect all of higher order. 

The effect of absorption on the values of A, B, F, is of order e . 2iTd/\, and may be 
neglected. The effect on D, E is of order e. 

The new value of E is 

— ^Mo ' ,, 2 _ ,, 3 -X "^" ^ ,/ v^i "~* ^o;? 

where €q, e^ are the values of e for the first and second medium respectively. No 
term of order e due to the film itself occurs. Hence any small degree of opacity in 
the film changes the retardation of phase, if at all, by a whole number of wave- 
lengths. Wernicke ('Wied. Ann./ 51, p. 449) finds that whilst there is normally a 
retardation of phase of ^ wave-length, when light is reflected perpendicularly in glass 
from an opaque layer of silver closely adhering to the glass, yet the presence of a trace 
of dust or air between glass and silver suffices to produce instead an acceleration of 
phase f wave-length. 

If the more refractive medium be also the more absorptive, as is generally the case, 
absorption increases positive reflection (since e^ > €q) ; and of two substances having 
the same refractive index, the more absorptive will show greater positive (or less 

^ ' Phil. Mag.' (5), 33, p. 1. 
t 'Wied. Ann.,' 46, p. 152 

5 U 2 
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negative) reflection, when they are placed in contact with the same third substance. 
This agrees with the conclusion arrived at by Schmidt (Zoc. cit,), from his experiments 
on various crown and flint-glasses.— July 20.] 

The above experiments are sufficient to test the accuracy of the theory, which 
merely assumes the existence of a film of transition, without entering into the question 
of its origin and constancy ; whether it be due to a surface property of the medium— 
a kind of capillary effect — or merely to an adventitious film of dust or of polishing 
powder, is of no consequence as far as the theory is concerned, its existence is 
the crucial hypothesis, and of that existence there can be no doubt. The theory does 
however point to the idea that the film may be, in part at least, of adventitious 
origin. 

This is confirmed by the experiments of Deude already mentioned, and those 
of Lord Eayleigh on the reflection from pure water surfaces ('B. A. Repts.,' 1891, 
p. 563), who finds that perfectly clean water reflects only xoVo ^^ perpendicularly 
polarized light found by jAMiisr, so that its ellipticity is only about -g-^- of Jamin's 
value. The darkness of the band observed in the analyser at the polarizing angle was 
disturbed by a small trace of olive oil applied to the surface and producing a thin film. 

I 12. Conclusion. 

We may sum up the results of the preceding discussion as follows : — 

(1.) A rigid elastic soKd theory, proceeding on the assumption that the velocity of 
the pressural-wave is much greater than that of the light- wave, will not explain the 
experimental results, whatever be the refractive index for the pressural-wave. 

(2.) Lord Kelvin's contractile ether theory and the electromagnetic theory in 
Heutz's form, lead to the same equations, containing three independent constants (of 
which two have little effect, except at a distance from the polarizing angle) ; and these 
equations agree with the experiment rather better than Cauchy's empirical formulae 
containing, as used by JAMiisr, one constant, e, and as used by Quincke, two con- 
stants, e and ft'. At a distance from the polarizing angle Fresnel's expression for 
the intensity is sufficient. 

(3.) Whilst Cauchy's constants, e, have been found not to satisfy the theoretical 
conditions assigned by Jamin {so that Oauchy's formula must be regarded as an 
empirical one), the constants of the above theoretical formulae satisfy the conditions 
theoretically deduced, as nearly as is to be expected, considering that the whole effect 
under discussion is itself but a small correction. 

This last conclusion as to the possibility of a theoretical explanation of the 
phenomena of reflection based on the existence of a film of transition is at variance 
with the result arrived at by M. H. Bouasse from a critical examination of the 
theories so far proposed. (See his paper in the ^ Annales de Chimie et Physique ' for 
February, 1893, p. 145.) 



MR. G. A, SCHOTT ON THE REFLECTION AND REFRACTION OF LIGHT. 885 



f'O 














































h — 


-! 


r- 










—k 


-. -9 
•6 


- J 


^ 


. 
\ 




































.^ 


<^ 


r^ 


5~ 












, 








































/ 


^ 
























































) 


/ 


























































/ 


























































/ 


f 


























































/ 
























































... ^ 


/I 


t 






















































% 


^ 




































^ ' 








c.»>«j 




™-J 


l^, ■ 


r^ 


H— 


""^^ 








































■ci 


K 

















tQ—ym'' ^f 62° 65"^ 64"^ 65'' 66° 67° 68° 69° 70° 71 



o 



72" 73" 74" 73 



Diagram of the difference of phase of the components of Light reflected in Air from Diamond 

(according to Jamin's experiments). 

The black line is the theoretical phase curve ; the crosses represent Jamin's experimental results. 
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Diagram of ratio of intensities of Light reflected in Air from Diamond (according to Jamin's 

experiments). 

The black line is the theoretical cnrve ; the crosses show Jamin's experimental results. 



